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Introduction

Representation theory of simple affine vertex algebras is actively expanding field with
important applications in 2d conformal field theory. Theory of highest weight represen-
tations was developed in [27] and [9]. More general positive energy representations were
studied in [4], [5], [7], [3], [25], [26], [19], [20], [6], [2], [1]- By a key result of [31], there is
a one-to-one correspondence between simple positive energy representations of the sim-
ple affine vertex algebra L, (g) of level x attached to a simple Lie algebra g and simple
modules over the corresponding Zhu’s algebra A(L,(g)) which is a subalgebra of the
universal enveloping algebra U(g) of g. Moreover, the Zhu’s algebra A(L,(g)) is isomor-
phic to U(g)/I.(g), where I,.(g) is a two-sided ideal of U(g). Hence, a full classification
of simple positive energy representations of £ (g) is reduced to a classification of simple
g-modules such that their annihilators in U(g) contain I,;(g). On the other hand, from
[15] for any primitive ideal I of U(g) there exists A € h* such that I = Anngg)Lg(X),
where b is a Cartan subalgebra of g and Lg (M) is the simple g-module with highest weight
A for a Borel subalgebra b of g containing h. A complete description of weights A € h*
satisfying I;(g) C Anngg)Lg()) for an admissible level £ was done in [9]. We call such
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weights admissible of level . Besides, we say that a g-module F is admissible of level x
if Anng B = AnnU(g)Lﬁ (M) for some admissible weight A € h*.

Explicit Gelfand—Tsetlin tableau realizations of certain highest weight modules over
the simple Lie algebra g of type A were constructed in [3]. All such simple admissible
highest weight g-modules of admissible level k corresponding to the minimal nilpotent
orbit were described in [20]. A class of non-highest weight g-modules was also constructed
in [17] and [18] by using the Arkhipov’s twisting functor. A characterization of which of
these g-modules are admissible is given in [19].

The goal of this paper is threefold. First, we obtain a convenient combinatorial de-
scription of admissible weights of admissible level k for a simple Lie algebra g of type
A in Theorem 2.8. In particular, weights corresponding to the minimal, subregular and
principal nilpotent orbits of g are described. Next, we give an explicit construction of
all simple admissible highest weight g-modules in Theorem 4.1. Finally, we address the
problem of an explicit realization of simple admissible weight g-modules in the principal,
subregular and maximal parabolic nilpotent orbits. We give a Gelfand—Tsetlin realization
of simple admissible highest weight g-modules and certain classes of simple admissible
slo-induced g-modules in these orbits. Constructed modules are tame, i.e. they admit
a diagonalizable action of a certain Gelfand—Tsetlin subalgebra ' of U(g). In addition,
they are strongly tame, i.e. they have a basis consisting of Gelfand—Tsetlin tableaux with
the explicit action of g given by the classical Gelfand—Tsetlin formulas with respect to
I". Obtained results provide an evidence for the following conjecture.

Conjecture 1. Let Ly () be a simple admissible highest weight g-module of level k with
highest weight X € b*. If (\,a") ¢ Z for a simple root o, then there exists w € W such
that D% (Lg(N)) is a strongly tame T (w(I1))-Gelfand-Tsetlin g-module, where W is the
subgroup of Aut(g) generated by the Tits extension of the Weyl group W of g and by the
symmetries of Dynkin diagram of g.

We show that Conjecture 1 holds for any A € h* which corresponds to the principal
nilpotent orbit (Theorem 4.8), and for the representatives of the subregular nilpotent
orbit (Theorem 4.12) and maximal parabolic nilpotent orbits (Theorem 4.10). Moreover,
in the case of maximal parabolic and subregular nilpotent orbits Conjecture 1 also holds
for suitable non-simple roots. Earlier, this was shown for the minimal nilpotent orbit in
[20].

Further on, since any simple admissible cuspidal g-module is obtained from a highest
weight g-module by a sequence of twisted localizations, we dare to make the following
conjecture.

Conjecture 2. Let M be a simple admissible weight g-module. Then there exists w € W
such that DY} (M) is a strongly tame I'st(w(Il))-Gelfand-Tsetlin g-module.

Explicit realizations of localized simple admissible sl4-modules is given in Section 5.
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We denote by C, R, Z, Ny and N the set of complex numbers, real numbers, integers,
non-negative integers and positive integers, respectively. All algebras and modules are
considered over the field of complex numbers.

1. Admissible modules
1.1. Induced modules

Let g be a complex semisimple finite-dimensional Lie algebra and let § be a Cartan
subalgebra of g. We denote by A the root system of g with respect to h, by A a positive
root system in A and by II C A, the set of simple roots. For « € Ay, let h, € b be
the corresponding coroot and let e, and f, be basis of root subspaces g, and g_,,
respectively, defined by the requirement [eq, fo] = ho. We also set

Q:ZZQ and P:ZZwa,

a€cll a€ll

where w, € h* for a € II is the fundamental weight determined by wq(hy) = g, for all
v € II. We call @ the root lattice and P the weight lattice. Further, we define the Weyl
vector p € h* by

p=5 > @

ac€Ay

Let rg be the Cartan—Killing form on g and (-,-)4 the corresponding induced bilinear
form on g*. Whenever o € h* satisfies (o, o)y # 0, we define s, € GL(h*) by

2(0[, 7)9 a

SO&(W) =79 (a,a)g

for v € h*. The Weyl group W of g is the subgroup of GL(h*) generated by s, for a € II.
The dot action of W on h* is defined by w- A = w(A+ p) — p for w € W and A € h*.

If g is a simple Lie algebra, we denote by kg the g-invariant symmetric bilinear form
on g normalized in such a way that (6,6) = 2, where 6 € A is the highest root of g and
(+,+) is the corresponding induced bilinear form on g*. It easily follows that

kg = 2hY Ko,

where hY denotes the dual Coxeter number of g. Besides, we denote by 6, the highest
short root of g. Then we have (6,,0,) = 2/rY, where rV is the lacing number of g, i.e.
the maximal number of edges in the Dynkin diagram of g. We also define

PY=Pzw) and P/ =D Now),
acll acll
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where wy € h* for a € II is the fundamental coweight defined by (wy,7) = da 4 for all
~v € II. We call PV the coweight lattice.

The standard Borel subalgebra b of g is defined through b = h @& n with the nilradical
n and the opposite nilradical n given by

n= @ s and n= @ J_a-

aEA L aEAL

In addition, we have the corresponding triangular decomposition

g=ndhén

of the Lie algebra g.

For a subset X of II we denote by Ay the root subsystem in h* generated by X. The
standard parabolic subalgebra py; of g associated to X is defined as py, = 5 P Uy, where
the nilradical uyx;, the opposite nilradical iy, and the Levi subalgebra [y are given by

us= P g0 =be P o = P o

acAL\ Ay a€Ayx aceAL\Ax

We have also the corresponding triangular decomposition g = uy @ [y @ uy of the Lie
algebra g.

We say that a g-module M is a weight g-module if h is diagonalizable on M. For
A € b*, the vector subspace

My = {v € M; (Vh € b) (h — M(h))v = 0}

of M is called the weight subspace with weight A provided My # {0}. The dimension of
M) is the multiplicity of the weight . For a weight g-module M, we have M = @y M.

Let p = [® u be a parabolic subalgebra of g and let E a be a simple weight [-module.
Then the induced g-module M (E) is defined by

Mg (E) = U(g) @u(p) E,

where E' is considered as the p-module on which u acts trivially. In addition, we denote
by Lg (E) the unique simple quotient of Mpg(E) If F is a simple finite-dimensional [-
module with highest weight A € h*, we denote by M]f()\) the generalized Verma module
Mg (E) and by Lj()) its unique simple quotient.

A weight g-module M is torsion free if for any weight subspace M) and any root «,
a nonzero root vector a € g, defines an isomorphism between M) and M), 4. Further,
a weight g-module M is cuspidal if M is a finitely generated torsion free g-module with
finite weight multiplicities.



V. Futorny et al. / Journal of Algebra 628 (2023) 22-70 27

1.2. Simple affine vertex algebras

Let g be a simple Lie algebra and s be a g-invariant symmetric bilinear form on g.
Since g is a simple Lie algebra, we have k = krg for some k € C. The affine Kac-Moody
algebra g, of level x associated to g is the 1-dimensional universal central extension
9. = 9((¢) ® Cc of the formal loop algebra g((t)) = g ®c C((t)) with the commutation
relations

[a® f(1),b®g(t)] = [a,b] @ f(t)g(t) — K(a, b) Resi=o(f (t)dg(t))c (1.1)

for a,b € g and f(t),g(t) € C((t)), where c is the central element of g,. By introducing
the notation a, = a ® t" for a € g and n € Z, the commutation relations (1.1) can be
simplified into the form

[@m, bn] = [@, b]magn + mK(a,b)dn, —ne (1.2)

for m,n € Z and a,b € g. As b is a Cartan subalgebra of g, we introduce a Cartan
subalgebra b of g, by

h=hoc ClaCe.
For \ € E*, we define its integral root system 3(/\) by
AN ={a e A (A +p,aY) €L},

where p = p + hVAy. Further, let &(/\)Jr = ﬁ(/\) N ﬁff be the set of positive roots of
A(X) and II(A) € A(X)+ be the set of simple roots. Then we say that a weight A € h* is
admissible ([27]) provided

i) X is reqular dominant, that is (A + p,a¥) ¢ —Nj for all a € Are;
ii) the Q-span of A(\) contains Are.

In particular, if A = kAy with k& € C is admissible, then k is usually called an admissible
number. Admissible numbers were described in [27,28] as follows. A number k£ € C is
admissible if and only if

RV i (1Y, q) = 1,
k+h' =2 withpgeN, (pg)=1, p> oo
q h it (r¥,q) =rY,

\

where ¥ is the lacing number of g, i.e. the maximal number of edges in the Dynkin

diagram of the Lie algebra g. In this case we have ﬁ(kl\o) ={d&o,a1,...,a¢}, where
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. —0+q0 i (rY,q) =1,
« =
0 —0s + Lo if (rY,q) =1

and ¢ = rank g. Since the admissibility of a number k£ € C depends only on g, we shall
say that k is an admissible number for g.

Let k € Q be an admissible number for g and let x = kro. We denote by V. (g) the
universal affine vertex algebra associated to the affine Kac-Moody algebra g,, we have

Ve(9) = U(8x) @u(gl)ece) Cos,

where g[[t]]Jvx. = 0 and cv,, = v,,. The simple affine vertex algebra L,(g) associated to
9, is the unique simple graded quotient of V,(g). If we denote by A(L.(g)) the Zhu’s
algebra of L,(g), then there is a one-to-one correspondence between simple positive
energy L, (g)-modules and simple A(L(g))-modules, see [31].

For a g-module E, let us consider the induced g,-module

M, o(E) = U(gx) Qu(gljece) E,

where E is considered as the g[[t]] ® Cc-module on which g ®c ¢C[[¢]] acts trivially and
c acts as the identity. Since M, 4(E) has a unique maximal §,-submodule having zero
intersection with E, we denote by L, 4(E) the corresponding quotient. We say that a
g-module E is admissible of level k if L, 4(F) is an L, (g)-module, or equivalently if £
is an A(L,(g))-module. As we have A(L;(g)) =~ U(g)/Ir, where I} is a two-sided ideal
of U(g), we obtain that a g-module E is admissible of level k if and only if the ideal Iy
is contained in the annihilator Anng g E.

Admissible simple highest weight g-modules of level k were classified in [9] as follows.
Let us denote by Prj the set of admissible weights A € H* of level k such that there is an
element y € W of the extended affine Weyl group W of g satisfying 3()\) = y(ﬁ(kAo)).
Besides, let us introduce the subset

E‘k = {)\ eEb*; AN+ kA € Prk}

of h*, which is the canonical projection of Pry to h*. Then we have the following state-
ment.

Theorem 1.1. [9] Let k € Q be an admissible number for g. Then the simple highest
weight g-module Ly (X\) with highest weight X\ € b* is admissible of level k if and only if
A E ﬁ'k,

Hence, the main difficulty in the classification of admissible simple highest weight
g-modules consists in an explicit description of the set Pr;, for an admissible number %
of g which will be our next goal.
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1.3. Primitive ideals and nilpotent orbits

1.3.1. Joseph’s associated variety
Let us consider a semisimple Lie algebra g. We denote by

U(g)" = {a € U(g); ad(h)(a) = 0 for all h € h}
the centralizer of h in U(g) and by
T: U(g)" — U(h)

the restriction of the projection U(g) = U(h) @ (nU(g) + U(g)n) — U(h) to U(g)". It is
known that T is an algebra homomorphism. Let us note that the algebra homomorphism
Xx: Z(g) = C with A € h* defined by

for z € Z(g) is the central character of Mg (X) and L{(X).

Further, let us consider the PBW filtration on the universal enveloping algebra U (g)
of g and the associated graded algebra grU(g) ~ S(g) ~ C[g*]. The associated variety
V(I) of a left ideal I of U(g) is defined as the zero locus in g* of the associated graded
ideal gr I of S(g). We have

V(I) = Speem(S(g)/gr I) = Specm(5(g)/+/gr 1), (1.3)
where +/gr I denotes the radical of gr I. For A € h*, we denote by
J)\ = AnnU(g)Lﬁ ()\)

a primitive ideal of U(g). A theorem of Duflo [15] states that for any primitive ideal I
of U(g) there exists A € h* such that I = Jy. This implies that a simple g-module E is
admissible of level k if and only if Anng(g)E = Jy for some A € Pry.

Proposition 1.2. /14, Section 8.5.8] Let A € h* be a dominant weight. Then Jy is the
unique mazimal two-sided ideal of U(g) containing U(g) ker xx.

Let us note that if J, C Jy for A, € h*, then necessarily p € W- A. The oppo-
site implication is given by the following statement, which is an easy consequence of
Proposition 1.2.

Proposition 1.3. Let A, i € h* be dominant weights. Then Jy = J,, if and only if p € W-A.

We have the following statement.
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Lemma 1.4. Let k € Q be an admissible number for g. Further, let A\ € Pry, and p € W-\.
Then we have p € Pry, if and only if i is a dominant weight.

Proof. If j € Pry, then by definition the weight p is dominant. On the other hand, if p
is dominant and @ € W- A, then by Proposition 1.3 we obtain that Jy = J,, since A is
also dominant. This gives us y € Pry. O

For a weight A € h*, we introduce subsets W and Wy of W by
W ={weW; A Nnw(-Ay) CAL\AN} and Wy = (sq; @ € A(N),

where A(A) = {a € A; (A + p,a") € Z} is the integral root system of A. Obviously, the
set Wy is the Weyl group associated to the integral root system A(\). Let us note that
W* and W depend only on A(A) not on X itself. We will be mainly interested in the
case when the integral root system A()) is generated by a subset of II.

Lemma 1.5. Let k € Q be an admissible number for g. Further, let A\ € Pry, and p € W-\.
Then we have p € Pry, if and only if 4 = w=' - X for some element w € W*,

Proof. By Lemma 1.4 we know that pu € Pry if and only if u is a dominant weight.
Hence, we need to show that p is dominant if and only if 1 = w™! - A for some element
w € WA, By the assumption we have that = w="! - )\ for some w € W. We may write

(u+p.a’) = (@ A +p)a’) = (A +p,w(a))
for &« € A. Therefore, the condition that p is dominant is equivalent to
A+p,8Y)¢ —Nfor Bec AL Nw(A;y) and (A+p,8Y) ¢ N for B € Ay Nw(—AL).

However, the first condition is always satisfied since A is dominant. On the other hand,
the second condition is satisfied if and only if Ay Nw(—=Ay) C AL\ A(N), or in other
words if and only if w € WA, O

Let p be a standard parabolic subalgebra of g associated to a subset 3 of II. We set
].:Tl"k(p) = {)\ € ].:Tl"k; A()\) = AE}, (14)

where Ay; is the root subsystem of A generated by . Then by [23] we have that Lg(\) ~
Mg (X) for A € Prg(p). Further, since the subsets W and W) of W for A € h* satisfying
A(X) = Ay, depend only on ¥, we shall denote them by W* and W, respectively. The
subgroup W, of W we may identify with the Weyl group of the Levi subalgebra [ of p.
The set WP is the set of minimal length coset representatives of W,\W. In the literature,
the set WP is often characterized in different equivalent ways. In fact, for w € W, we
have that the following statements are equivalent:
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AL Nw(—Ay) C Ay \ As;
wil(A_;,_ NAyx) C Ay

(w(p),a") € N for all « € AL N Ag;
(sqw) = L(w) + 1 for all « € X.

The elements of WP can be determined by using the following observation, see [12,
Proposition 3.2.16].

Proposition 1.6. The mapping w + w~'(pP) restricts to a bijection between W* and the
orbit of p* under W, where p? = ZQEH\E We -

The following statement is clear.

Lemma 1.7. Let p be a standard parabolic subalgebra of g and k € Q be an admissible
number for g. Furthermore, let A € Pry(p) and yu € W- X. Then u € Pry if and only if
pw=w"r-X\ for some element w € WP.

1.8.2. Nilpotent orbits

Let G be a complex connected semisimple algebraic group with its Lie algebra g. We
denote by A (g) the nilpotent cone of g, i.e. the set of nilpotent elements of g. It is an
irreducible closed algebraic subvariety of g and a finite union of G-orbits. There is a
unique nilpotent orbit of g, denoted by Opyin and called the principal nilpotent orbit of
g, which is a dense open subset of A/(g). Next, since g is simple, there exists a unique
nilpotent orbit of g that is a dense open subset of N (g) \ Oprin, denoted by Ogypreg and
called the subregular nilpotent orbit of g. Besides, there is a unique nonzero nilpotent
orbit of g of minimal dimension, denoted by O, and called the minimal nilpotent orbit
of g, such that it is contained in the closure of all nonzero nilpotent orbits of g. By
O,ero We denote the zero nilpotent orbit of g. For the dimension of these distinguished
nilpotent orbits of g see Fig. 1.

If T is a two-sided ideal of g, then I and gr [ are invariant under the adjoint action
of GG. Consequently, the associated variety is a union of G-orbits of g*. As the Cartan—
Killing form kg is a g-invariant symmetric bilinear form on g, it provides a one-to-one
correspondence between adjoint orbits of g and coadjoint orbits of g*. For an adjoint
orbit O of g we denote by O* the corresponding coadjoint orbit of g*. In addition, for
a primitive ideal I of U(g) the associated variety V(I) is the closure of O* for some
nilpotent orbit O of g, see [24].

Definition 1.8. Let F be a g-module. We say that E belongs to a nilpotent orbit O of g
if the associated variety V(Anny (4 E) is the closure of O*.

Theorem 1.9. /8, Theorem 9.3] Let k € Q be an admissible number for g with denomi-
nator ¢ € N. Then there exists a nilpotent orbit O, of g such that
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nilpotent orbit dimension
Oprin dim g — rank g
Osubreg dim g — rank g — 2
Ohmin 2nY — 2
Ozero 0

Fig. 1. Hasse diagram of nilpotent orbits of g.

V(Ik) = O;

and we have

o _lees (adz)?* = 0} if (rY,q) =1,
{z € g;mo ()27 =0} if (rV.q)=1",

where mg, : g — End LY (05) is the simple finite-dimensional g-module with highest weight
0.

Let O be a nilpotent orbit of g and let £ € Q be an admissible number for g with
denominator ¢ € N. We define the subset

Pry = {) € Pry; V(Jy) = 0%} (1.5)

of h*. It easily follows that a simple g-module E belonging to the nilpotent orbit O is
admissible of level k if and only if Anny ) E = Jy for some \ € Pirko Moreover, as
I, C Jy for A € Pry, we have V(J)) C V(Ix) = O; by Theorem 1.9, which gives us a
decomposition

Prp= || Pry. (1.6)
0co,

Hence, we need to describe the subset fTr,? of Pry, for a nilpotent orbit O of g.
In addition, from the decomposition (1.6) it follows immediately that the set Pry
is non-empty if and only if Op,in = Oy, or equivalently if and only if

prin
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where h is the Coxeter number of g and “h" is the dual Coxeter number of the Langlands
dual Lie algebra g of g (see [3]).

1.3.3. Richardson orbits
For = € g, we denote by g* the centralizer of x in g. Besides, for a subset X of g we
define the set

X' = {z € X; dim ¢g* = minye x dim g%}
and call it the set of regular elements in X.

Theorem 1.10. [10, Corollary 4.7] Let p be a standard parabolic subalgebra of g. Then
for a weight X € AT (p) the associated variety V(Anny g Mg (X)) is the closure of the
nilpotent orbit Oy of g*, where

0y = (Gt

and p is the orthogonal complement of p with respect to the Cartan—Killing form Kg.
In particular, we have

O, = Gp*

and the associated variety V(Anng g Mg (X)) is irreducible. The nilpotent orbit O, is the
Richardson orbit attached to p.

Let us recall that when two parabolic subalgebras p; and ps of g have conjugate Levi
subalgebras, the corresponding Richardson orbits O,, and O, are exactly the same.
Moreover, if p; and po are the standard parabolic subalgebras associated to subsets ¥
and X, of 1I, then the Richardson orbits O, and O,, coincide if and only if the root
subsystems Ay, and Ay, of A are conjugate by an element of the Weyl group W of g.
Therefore, we may introduce an equivalence relation on the set of all standard parabolic
subalgebras of g by

p1 ~ po < there exits w € W such that Ay, = w(Ay,).

For a standard parabolic subalgebra p of g, we shall denote by [p] the corresponding
equivalence class.

2. Admissible highest weight modules for sl,, 4

Let us consider the simple Lie algebra g = sl,,; for n € N and let £ € Q be
an admissible number for g with denominator ¢ € N. In this section we refine the
classification of highest weight modules over the simple affine vertex algebra L,(g) of
admissible level kK = kkg.
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2.1. Explicit description of admissible highest weights

The nilpotent orbits of g are parameterized by the set P,, 1 of partitions of n+ 1. We
denote by O, the nilpotent orbit of g corresponding to a partition A € P,1. By [11,
Corollary 7.2.4] the dimension of O, is given by

r

dim Oy = (n+1)* =) (A%,

i=1

where A is the transpose partition of A and r = £(\!) is the length of \'. Besides,
i (A2 —1 is the dimension of g¢ for e € O, and so we have dim O = dim g — dim g°.

For a partition A = [A1, Aa, ..., Ar] € Pri1, we denote by p) the standard parabolic
subalgebra of g associated to the subset

Xy = {ala R e ELS 2 TN EREEE OO PR e EEINPE OO P P SREE ™ SIS E S PR 701)\1+)\2+'--+)\r—1}
of I = {ay,as,...,a,}. In fact, we can define py in a more elegant way as follows. Let
V = C"*! be the standard representation of g and let {e1,es,...,e,11} be the canonical

basis of V. We define a partial flag (Vp, V1, Va,..., V) in V by setting

k=1

V= é;(Cek with s; = Xl:Aj
j=1

fori=1,2,...,7 and Vj = 0. Then one checks easily that
pr={acg aV;)CVfori=1,2,...,r}.

The Richardson orbit Oy, attached to py is the nilpotent orbit Oy:, see [11, Theorem
7.2.3]. This has an important consequence that every nilpotent orbit of g is a Richardson
orbit.

The nilpotent orbit O, from Theorem 1.9 is given by

O, = 0,,,

where A\, € P11 is the partition defined through A\, = [¢", ], where n+ 1 = gr + s with
r,s € Ng and 0 < s < g — 1. Hence, we immediately get that

Oprin = Opgyy ifg2>2n+1,
Oq = Osubreg = O[n,l] if q=n,
Ozero = 0[1"+1] if g=1

for n > 1. Let us introduce the subset
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Priz = {X € Pry; (\,a") € Z for a € 11}
of admissible weights of level k. Then by [27] we have
Prpz ={\ € 6*; Ae) =k, (A, oY) € Ny for a € I, (A, 0Y) <p—n—1},
where p = (k + n + 1)g. Further, from [27] we get that

Prk = U Pl‘k,y7 Prk,y = {y . )\; A€ Prk)z},
—~ yew’ —~
y(A(kAo)4+)CAY

where the extended affine Weyl group W of g is defined as W =W x PV. For n € PY,
we denote by ¢, the corresponding element of the group W. The action of ¢, on h* is
given by

60 =3+ e = (2 00+ )

for A € h*. For y,y' € W satisfying y(&(k/\oﬁ) C ﬁlf, y'(ﬁ(kAoﬁ_) C ﬁff and y # vy
we have

PrpyNPrpy #0 <= Pry,=Pr, <<= ¢ = Ytguw, W (2.1)
for some j € {1,2,...,n}, where w; is the unique element of the Weyl group W of g
preserving the set {a, o, ..., a,, —0} and satisfying w;(—0) = a;. Let us note that w;
for j = 1,2,...,n gives rise to an automorphism of the extended Dynkin diagram of g.

We denote by W, the subgroup of W generated by the elements wi,ws, ..., wy,.

Lemma 2.1. We have

i) wy = 8182+ Sp;
i) wi(ay) =g fori=1,2,...,n—1, wi(an) = —0, and w1 (—0) = ay;
iii) w; :w{ forj=1,2,....n;
iv) witt =e;
v) Wi ={e,wy,ws,.. .7wn},'
Vi) w; (Z?:l)\iwi) = Zg;ll)\nJrlJri,jwi— (Z?:l)\i)wj‘—l-zzb:j_i_l)\i,jwi forj=1,2,... n,
where A1, Ag,. .., Ay € C.
Proof. Let us denote w = s189---s,. To prove (i) and (iii) we only need to verify
that the element w’ for j € {1,2,...,n} satisfies w/(—0) = a; and preserves the set
{ai,aq,...,ay,—0}, since w; is uniquely determined by these two conditions. The rest

of the statements is a straightforward computation. We left the details to the reader. O
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Let us recall that an element w € W is called a Coxeter element if a reduced expression
of w contains every simple reflection exactly once. Hence, by Lemma 2.1 we see that w;
and w,, are Coxeter elements. The order of a Coxeter element is the Coxeter number h
of g, i.e. we have h =n + 1.

On the set of all standard parabolic subalgebras of g we introduce another equivalence
relation given by

p1 ~4 po <= there exits w € W such that X, = w(X,,).

For a standard parabolic subalgebra p of g, we shall denote by [p]+ the corresponding
equivalence class. Obviously, we have that [q]; C [p] for any q € [p]. Besides, we assign
to p a subgroup W£ of W, defined by

W ={we Wi; w(E,) =3, }

Let us note that we have W = W, and W = {e}.
Since the dot action of the Weyl group W on h* gives rise to an equivalence relation
on h*, we may define an equivalence relation on Prj, for an admissible number & of g by

A ~ 1 <= there exits w € W such that y=w- A
and set
[Pry] = Pry/~.

Moreover, if A, u € Pry, then Jy = J,, if and only if there exists w € W such that 1 = w-A,
which is a consequence of Proposition 1.3. By using this fact together with (1.6) we get
a decomposition

Pri] = || [Pry], (2.2)

0cO,

where [ﬁko] is the image of PTrkO in [Prg]. Let us recall that by [3, Proposition 2.8] we
have

[PTfk] = U [PTfk,t,,,],

nepPy,
(n,0)<q—1
where P} is the set of dominant coweights of g. Further, for a standard parabolic sub-
algebra p of g, we define a subset Ag(p) of Pry by

Ar(p) = U Prpgs_,,
nepy,
(n,0)<q—1,1I"=%,
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where IT" = {« € II; (n,«) = 0}, which enables us to write

Pri] = |J [Ar(pn)]. (2.3)

XCII

As we have fTrk,tfn ={A—(k+n+1)n; X € Pryz} for n € PY satisfying (n,0) < ¢— 1,
we get

Ag(p)={A—(k+n+1)m; A€Pryz, nePY, (n,0)<q—1,10"=3%,}. (24)

Moreover, for a weight A € Ag(p) we have A(A) = Ax,, which by (1.4) gives us
Ag(p) C Pry(p). By [23] we get that M§(\) ~ L¥(A) for A € Pry(p), which together
with Theorem 1.10 implies an inclusion Pry(p) C PTrkOF. Hence, by using these facts and
by the decomposition (2.3) we may write

Pril= U sl (2.5)

SCIL, 0=0,,,

Let us note that nilpotent orbits of g are usually parameterize by partitions of n+1. We
have the following statement.

Proposition 2.2. Let Oy be the nilpotent orbit of g given by a partition A € P,41. Then
we have

Pr 1= U [Ak)].

PE([pt]

where X\t is the transpose partition of \.

Proof. By results of Section 1.3.3, the nilpotent orbit O} is equal to Oy, ,. Besides, we
know that O,, = O,, for standard parabolic subalgebras p; and ps of g if and only if
p1 ~ po. The statement then follows easily from (2.5). O

Lemma 2.3. Let y € W and n € PY. Then the condition yt,n(ﬁ(kAo)Jr) C ﬁf is
equivalent to

0<(na)<qg-1lifyl@)e Ay  and 1< (n0) <qifyla)c A

for all o € Ay. Moreover, if n € PY satisfies (n,0) < q—1, then yt,n(ﬁ(kAo)Jr) C ﬁff
fory € W if and only if y=! € WP= with ¥ = {a € II; (n,a) = 0}.

Proof. The first part of the statement follows from the fact that ﬁ(kAo) = {-0+
gd,ai,...,a,} and that
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yt_p(a) =y(a) + (n,a)d  and  yt_,(—a+q¢d) = —y(a) + (¢ — (n,))d

fora € AL

Now, let y € W and let n € P satisfy (7,0) < ¢ — 1. Then we have that
yt_,,(ﬁ(kAo)Jr) C &fﬁ is equivalent to (n,a) > 1 for all @« € Ay Ny Y(A_) by
the first part of the statement. However, this condition is satisfied if and only if
Ay Ny H(A) € Ay \ Ay, where & = {a € II; (n,a) = 0}, which in other words
means that y~! € WP=, O

Lemma 2.4. Let p be a standard parabolic subalgebra of g and let j € {1,2,...,n}. Then
we have wj € WP if and only if o; ¢ 3,. Moreover, the elements of W£ preserve the set
WP with respect to the left multiplication.

Proof. Let us assume that a; ¢ ¥,. Let o« € AL Nw;(A_). Then there exists § € A such
that & = —w;(B). Moreover, we have 8 = Y ja;a; with a; € {0,1} for i =1,2,...,n.
Further, by Lemma 2.1 we may write

n—j
a=—w;(B) == aiw;() — anp1jwi(ani1j) — Y aiw;(e)
i=1 = ‘

n—j j—1
= an+17j0_ E QG5 — g An41—j+i %4,
i=1 i=1

which gives us any1-; = 1. As o ¢ X, we get a € Ay\ Ay, . Therefore, we have
Ay Nwi(A-) C Ay\ Ayg,, which by definition means that w; € WP.

On the other hand, let us assume that w; € WP. Then have A, Nw;(A_) C A\ Agx,.
It is enough to show that a; € AL Nw;(A_). But we have a; = w;(—6) which implies
the statement.

Let w; € WY for j € {1,2,...,n}. Since w;(3,) = Iy, we get that o, any1—; ¢ Sy
Let us assume that w € WP. We need to show that Ay Nw;w(A_) C AL\ Ayg,. If
a € Ay Nw;w(AL), then there exists § € A such that @ = —w;w(B). Hence, by using
Lemma 2.1 we may write

j—1 n
—w(B) = wpi1-5(@) = D @iaps1-jpi — a0+ Y @iy,
i=1 i=j+1

where oo = Y7 a;a; with a; € {0,1} fori =1,2,...,n. If a; = 1 or ap41—; = 1, then we
have a € Ay \ Ay, since o, api1-5 ¢ ¥p. On the other hand, if a; = an41-; = 0, then
—w(f) € Ay, which implies —w(3) € Ay \ Ag, since w € WP. As we have w;(3,) = ¥,
and a = —w;w(f), we get o € Ay \ Ay, . This finishes the proof. O

By the previous lemma we may introduce an equivalence relation on the set W¥* in
such a way that the equivalence classes coincide with the orbits of WJ'; on WP,



V. Futorny et al. / Journal of Algebra 628 (2023) 22-70 39

Lemma 2.5. Let p be a standard parabolic subalgebra of g. Then Pri, Nw™' - Ag(p) # 0 if
and only if w € W¥. Moreover, if w € WP then w™! - Ay (p) C Pry.

Proof. Since we have Ay (p) C Pr, by Lemma 1.7 we get that w=!-\ € Pry, for A € Ag(p)
if and only if w € WP which implies the required statement. O

Lemma 2.6. Let pq,po be standard parabolic subalgebras of g. Further, let y1,yo € W
satisfy y1 - Ar(p1) C Pri, yo - Ap(p2) C Pry and yy # yo. Then the following statements

1) y1- Ak(p1) Nyz - Aw(p2) # 0;
i) y1- Ar(p1) = y2 - Ar(p2);
ili) there exists j € {1,2,...,n} such that yo = yrw; and Ly, = w;(X,,)

are equivalent. In addition, if Ax(p1) N Ax(p2) # 0 then p1 = po.

Proof. We will prove the implications (iii) = (ii) = (i) = (iii).

Let us assume that there exists j € {1,2,...,n} such that y» = y1w; and X, =
w;(Ep,). By Lemma 2.4 we have w; ' € W¥2, which means that w; - Ax(pz) C Pry.
Let n € Py satisfy (1,6) < ¢ — 1 and II" = X, . By definition of Ay(p;) we have
P_Tk,t,,,, C Ak (p1). Further, we set / = wj_l(n — qwj). By using Lemma 2.1 we may write

n

n
/
N = Wnt1— g qwg Zaz-i-jwz (q_zai>wn+l—j + Z At j—n—1Wi,

=1 1=n+2—j

where 7 = " a;w;. Since n € PY and (n,0) < ¢ — 1 by the assumption, we have also
n' € PY. Besides, as wj(—0) = «o; and X, = w;(X,,), we get a; ¢ X, which gives
us a; # 0. Thus, we have (',60) = ¢ — a; < ¢ — 1. Further, we see that " = s,
which implies Pry, 4y C Ak(p2). By Lemma 2.3 we have t,n(ﬁ(kAOM) C Ef and
wjt_ (A(kAO) ) C Af, hence we may write

Priy , = Pryw;e ., = wj - Prys_» Cwj- Ap(p2),

where we used (2.1) in the first equality, and thus Ax(p1) C w; - Ax(p2). By the same
argument we obtain the opposite inclusion. Therefore, we have Ap(p1) = w; - Ar(p2),
which immediately implies y; - Ax(p1) = y2 - Ak (p2). This proves the first implication (iii)
= (ii).

Let us assume that y1-Ag(p1)Ny2-Ag(p2) # 0, which is the same as Ay (p1)Nw-Ag(p2) #
(/) with w = yl_lyQ As we have Pr, Nw - Ap(pa) # 0, by Lemma 2.5 we obtain that

~1 € WP2. Hence, there exist 7,7’ € PY satisfying II" = X, , I = %,,, (,0) < q¢—1,
(77 0) < g — 1 such that Prk o, = = Priwe > Which gives us wt_,» =t_,tg, w; for some

j € {1,2,...,n}. Therefore, we have w = w; and 5’ = w; '(n — qw;). Further, by using

J
Lemma 2.1 we may write
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n

n
/
N = wpy1-5(n — qwj) Zaz—wwz (q_zai)wn+l—j+ Z Qitj—n—1Wi,

=1 1=n+2—j
where = Y1 jaw;. As we have (7/,0) = ¢ —a; < g — 1, we obtain that a; # 0.
Then it follows immediately that ¥,, =II"7 = w] (1 ,) = w;(Xy,). This proves the last
implication (i) = (iii). The implication (ii) = (i) is obvious. O

Lemma 2.7. Let p1,po be standard parabolic subalgebras of g. Then the statements

1) [Ak(p)] N [Ak(p2)] # 0;
ii) [Ag(p1)] = [Ax(p2)];
iii) p1 ~y po

are equivalent.

Proof. We may assume that the parabolic subalgebras p; and ps are distinct, otherwise
the statement is trivial. We will prove the implications (iii) = (ii) = (i) = (iii).

If we have p; ~4 P2, then there exists j € {1,2,...,n} such that X, = w;(Z,,).
Hence, by Lemma 2.6 we have Ag(p1) = w; - Ax(p2), which gives us [Ag(p1)] = [Ax(p2)].
This proves the first implication (iii) = (ii).

Further, let us assume that [Ag(p1)] N [Ax(p2)] # 0. Then there exist yi,yo € W
satisfying y1 - Ap(p1) C Pr, y2 - Ax(p2) C Pry and y1 - Ag(p1) Ny2 - Ax(p2) # 0. By
Lemma 2.6 we get that p; ~4 po. This proves the implication (i) = (iii). We are done
since the implication (ii) = (i) is obvious. O

The following statement is the main theorem of this section.

Theorem 2.8. Let Oy be the nilpotent orbit of g given by a partition A € Ppy1. Then we
have

Pr = | ] Ll w™ M),

[pl+€lpatl/~+ [wleWwi\WP
where WP\W? denotes the set of orbits of WP on WP.
+ +

Proof. By using Proposition 2.2 and Lemma 2.7 we may write

P = U = L Ak

pelp,el pl+€lpyel/~+

Further, by Lemma 2.5 we have

=0 _
Pr,* = |_| U w - Ag(p).
[pl+€lpyel/~+ wewr
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As by Lemma 2.6 we have w; ' - Ap(p) = wy ' - Ag(p) for wi,wy € WP if only if there
exists w € Wi such that we = ww;, we immediately get the required statement. 0O

On two concrete examples we show how to determine the set PTrkO for a nilpotent orbit
O of g by using Theorem 2.8.

Example. Let us start with g = slg and O = Oy 9. The nilpotent orbit O is the Richard-

son orbit attached to the standard parabolic subalgebra p221,1] = with the
corresponding equivalence class given by
[p[272’171]]:{0+0 , O O—X , O o,x—o—)&o—x,x—o%%)&o,x—)&o%&o}.
Further, we have
w1 w1 w2 w2
and
w1 w2
O—H—%—0—X — %X—O o0 — O O—X

which gives us that [pj2,2,1,1] decomposes into two equivalence classes with respect to
the equivalence relation ~ , i.e. we obtain

[p1]4 = {omoxx, xox—o—x, xx—o—0, 0 o},

b

[p2}+ = {o—x—x—o—x7
where p; = o—x—o0—x—x and py = o—x—x—o—x. Besides, we see that
W = {e} and WP = {e,ws}.

Therefore, by Theorem 2.8 we may write

_O _ -
Pr, = || w Ap(p)U L] w ' Ag(p2),
weWP1L [w]eW 2 \Wr2
where
Ag(pr) = {Ag(aw2+bw4+ccu5); AePriz, a,b,ceN,a+b+c§q1},
q
Ak(p2) = {)\—]—)(aw2+bw3+cw5); )\GPTrk’Z, a,b,cGN,a—i—b—i—cSq—l}.
q

In addition, we can easily see that PTrkO is non-empty if ¢ > 4. The last step is to determine
the sets WPt and WPz which we usually describe by the corresponding Hasse diagrams.
In fact, we do not need to know the structure of the Bruhat ordering on WPt and WPz,
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Example. Let now g = sl3 and O = O3] = Opin- The nilpotent orbit O is attached to

the standard parabolic subalgebra p(; 1,1) = »— = b with the corresponding equivalence

class given by

Pyl = =1}

Hence, we have

which gives us [b]; = {x—~} and W? = {e, w1, w2} = W. Therefore, by Theorem 2.3
we may write

Pry = || w - Awb),
[wleWp\W?

where
Ar(b) = {)\— g(awl + bwa); A € P_rk,z, a,beN,a+b<q— 1}.

Moreover, we can see that PTrkO is non-empty if ¢ > 3. The elements of W° we can read
off directly from the corresponding Hasse diagram

as follows. The vertices of the graph represent the elements of W°. The least element is
the unit e of W and if there is an arrow

w—>w

for w,w’ € W, then we have w’ = ws;. Hence, we easily get W° = {e, s1, 52, 5152, 5251,
s18281}. In addition, the black vertices of the graph stand for representatives of the
equivalence classes in W2\W?.

2.1.1. Minimal and subregular nilpotent orbit

Let us consider the simple Lie algebra g = sl,11 with n > 2 and let £k € Q be an
admissible number for g with denominator g € N.

The minimal nilpotent orbit O, of g corresponds to the partition A = [2,17~!] with
the transpose partition A = [n, 1]. Therefore, the nilpotent orbit Oy, is attached to the
standard parabolic subalgebra
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prt = o—o——0—x

n—1
with the corresponding equivalence class given by
[oae] = {po)™ P},

for a € I is the standard parabolic subalgebra of g associated to the subset

where po'ax

¥ =1I\ {a} of II. Besides, we see that [py:] decomposes into one equivalence class with
respect to the equivalence relation ~, i.e. we have

a1+ = [pae]
together with WPa1 = {e}. By using Theorem 2.8 we get the following statement.
+

Theorem 2.9. Let k € Q be an admissible number for g with denominator ¢ € N. Then

we have
P—Omin _ LI —1 . A max
Ty = N w k:(pal )a
wGWPalax
where
Melo) = {3 L A e Pz, ae a1}
q
and

max

W¥ar = {e, s1,5182,...,58182 " Sn}.
5-Omin . .
Moreover, the set Pry, is non-empty if ¢ > 2.

The subregular nilpotent orbit Ogupreg Of g corresponds to the partition A = [n, 1] with
the transpose partition A* = [2,1"~1]. Hence, the subregular orbit Osubreg is attached to
the standard parabolic subalgebra

Pt = o——x——x—x
n—1

with the corresponding equivalence class given by

[PM] = {pglin7 pglzin, cee 7pg:n}’

min
[e3%
Y = {a} of II. In addition, we see that [py:] decomposes into one equivalence class with

where p2'" for o € 11 is the standard parabolic subalgebra of g associated to the subset

respect to the equivalence relation ~, i.e. we have
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min

[pon ]+ = [pat]

min

together with WPen = {e}. By using Theorem 2.8 we get the following statement.

Theorem 2.10. Let k € Q be an admissible number for g with denominator q € N. Then
we have

Pt = | e A,

weWPan,

where

n—1 n—1
Ag(pin) = {)\ - g Zaiwi; A€ Pryz, ai,az,...,a,-1 €N, Zai <q- 1},
i=1 i=1

and

WP = {w € W; £(spw) = L(w) + 1}.

subreg

Moreover, the set ITrkO is non-empty if ¢ > n.
2.1.2. Zero and principal nilpotent orbit

Let us consider the simple Lie algebra g = sl,11 with n > 1 and let £k € Q be an
admissible number for g with denominator ¢ € N.

The zero nilpotent orbit O, of g corresponds to the partition A = [17*!] with the
transpose partition A\* = [n + 1]. Therefore, the nilpotent orbit O, is attached to the
standard parabolic subalgebra

prt = o—o——0—0
n

with the corresponding equivalence class [py:] = {g}. Hence, we have [g]+ = [pat],
W9 = {e} and W = {e}. By using Theorem 2.8 we get the following statement, cf. [30].

Theorem 2.11. Let k € Q be an admissible number for g with denominator q € N. Then
we have

5.0zer0 oo
Pr, " = Ak(g) = Pry z.

zero

Moreover, the set ﬁko is always non-empty.

The principal nilpotent orbit Opyin of g corresponds to the partition A = [n + 1] with
the transpose partition A = [1"T!]. Therefore, the nilpotent orbit Opyin is attached to
the standard parabolic subalgebra
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Par = e

with the corresponding equivalence class [py:] = {b}. Hence, we have [b]y = [pat],
W* =W and Wf = W,. Again, by using Theorem 2.8 we get the following statement.

Theorem 2.12. Let k € Q be an admissible number for g with denominator ¢ € N. Then
we have

I I W)

[w]eW \W

where

Ay (b) = {A_Bzaiwﬁ AN€Prpz, a1,a,...,an €N, Y a; Sq—1}~

q i=1 i=1

prin

Moreover, the set PTrko is non-empty if ¢ > n+ 1.

2.2. Ezxamples

In this section we give some examples of admissible highest weights. Let us consider
the simple Lie algebra g = sl,, 1 with n > 1 and let k£ € Q be an admissible number for
g with denominator ¢ € N, i.e. we have

k—l—n—!—l:]—jwithp,qu, (p,g)=1,p>n+1.
q

We have a decomposition

Pro= || Pry,
OCN(g)
where the set lTrkO of admissible weights of level k belonging to a nilpotent orbit O of
g may be empty set. In fact, we have that PTrkO # () if and only if O C (7(1, where the
nilpotent orbit O, of g is determined by Theorem 1.9.
We focus on two possible directions for which a complete description of admissible
weights is relatively easy. Either we can consider the Lie algebra g of low rank, i.e.
n =1,2,3, or take into consideration the level k with small denominator, i.e. ¢ =1, 2.

2.2.1. Lie algebra sl
We start with the simplest and well-known case g = sl of admissible level k£ € Q), i.e.
n=1and

k+2="Lwithp,geN, (pg)=1,p> 2.
q
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@] dim P

Ol 12 »x—x—x
*—%—0
Olz,1) 10 »x—o—x
o—x%—x
O3 6 *—x Ola22) 8 o0—%—o0
Oz 2 x Ol2,1) 4 g Ol2,12) 6 AT
(9[12] 0 o 0[13] 0 o—o 0[14] 0 o—o0—o0
(a) g =sls (b) g =sls (c) g=slk

Fig. 2. Richardson orbits for sl,,.

The Hasse diagram describing the structure of nilpotent orbits for g is given in Fig. 2a.
Let us note that (’)[2] = Oprin = Omin and (9[12] = Ouero = Osubreg- Therefore, we have a

decomposition
];TI‘]C — PTI_kozero L }Trkoprin’
where
5-.O0zero 5o
Pr,*" =Pryz = {Mwi; A € No, Ay <p — 2},
552 Oprin p =
Pr, —Ak(b)—{)\awl;)\EPrk’Z,aeN,aSql}.
q

The Hasse diagram of WP for the corresponding standard parabolic subalgebra p of g is
given in Fig. 3. Let us note that P_rkopf‘“ is non-empty if ¢ > 2.

2.2.2. Lie algebra slg
The next case is g = slg of admissible level k € Q, i.e. n =2 and

k+3:§withp,qu, (p,qg)=1,p=>3.

The Hasse diagram describing the structure of nilpotent orbits for g is given in Fig. 2b.
Let us note that O3 = Oprin, O2,1] = Omin = Osubreg and O[13) = Oyero. Therefore, we
have a decomposition

IZTI'k _ ﬂkozem L PTrkOmin LU ITI‘(karin

)

where



V. Futorny et al. / Journal of Algebra 628 (2023) 22-70

S1

e — o

(a) W°, g =sl

S1 S2
[ ] > @ > @
(b) WP, g = sl
S2
S1 ._4’ ° S1
- v
. — T o
(\2‘ ° A N /2'
S1
(c) WP, g=sl3
51 S2 53
[ ] > 0 > @ > @

(d) Wral™, g =sly

S1 (] 83
So / \ $o
e —— o o ———»
53 ° 11'
(e) Wras™, g =sly

S2
s1 ) e ———» @ - e s3
__— 82 s3 S3 T
° °
52 ° -e . - e 52
S3
S3 51 S1
. - e

() Wras g =sly

(8) W°, g =sly

Fig. 3. Hasse diagrams of WP.

47
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ﬁ]?zero = ]-:Trk,Z = {)\10.}1 + )\2(4)2; )\1,)\2 S N07 )‘1 + )\2 S D= 3}’
5-.Omin max max max

Pr™" = Ag(par™) U st Ap(pay™) U sast - Ag(par™),

Pri™™ = Aj(b) U sy - Ag(b)

and

Ak(pmax) — {A _ gawl; A€ f?rhz, [AS N, a<q-— 1}a

o
Ai(b) = {)\ - B(awl + bwo); A € l:Trk’Z, a,beN,a+b<q-— 1}.
q

The Hasse diagram of WP for the corresponding standard parabolic subalgebra p of g is
given in Fig. 3. Let us note that fTrkomi“ is non-empty if ¢ > 2 and PTrkOP““ is non-empty
for ¢ > 3.

2.2.3. Lie algebra sly
The last case is g = sly of admissible level k € Q, i.e. n =3 and

k+4=Lwithp,geN, (pg) =1, p> 4.
q

The Hasse diagram describing the structure of nilpotent orbits for g is given in Fig. 2c.
Let us note that 0[4] = Oprin, 0[371] = Osubrega 0[22] = Orect, 0[2’12] = Omin and
Op14] = Oyero- Therefore, we have a decomposition

5o 520, 57 Omi =520 5. Osubr == Opri
Prk — Prk ero |_| Prk min |_| Prk rect |_| Prk subreg |_| Prk prm,

where

P—rkaem =Pryz = { w1 + Aaws + Asws; A1, A2, Az € Noy A+ Ao + A3 < p — 4},
Pr, ™" = Ap(pa™) Ust - Ap(par™) Usest - Ag(pa™) U sszsast - Ax(pay ),
Pr™™® = A (P22 U sy - Ap(pE2) U spso - Ag(p),

Pry, s = Ag(PE™) U st - Ar(pia™) U sz - Ap(paa™) U siso - Ag(piy™) U sast - Ax(phy”)

U s389 - Ak(pgl;n) U 8189871 * Ak(pfxn;n) U s35189 - Ak(pfxn;n) U 8358987 - Ak(pfxn;n)

U 82538182 - Ak(pgl;n) U 835818287 - Ak(p;nsm) U 8983518287 - Ak(pgl;n),
Pro™™ = Ag(b) U'sy - Ap(b) U sy - Ap(b) U sg - Ay(b) Usiso - Ap(b) Usiss - Ag(b)

and

Ak(pglfx) = {)\— Bawl; A€ PTrk,Z, a€N,a<qg— 1}7
q
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Ak(pglgax){)\ awg;/\EPrk,Z,aeN,aﬁql},

Ak(pg‘;n) = {)\— (awy +bwa); A € fTrk,Z, a,beN,a+b<q— 1},

RI" IRk I

Ax(b) = {)\

(awy + bwa + cws); A € Pry. z, a,b,c €N, a+b+c§q1}.

The Hasse diagram of W?* for the corresponding standard parabolic subalgebra p of g is
given in Fig. 3. Let us note that PTrkOm‘“ and P_lrkOrect are non-empty if ¢ > 2, P_rkosubreg is
non-empty for ¢ > 3 and ITII?P““ is non-empty provided g > 4.

2.2.4. Admissible levels with small denominator

The simplest possible and very well-known case is g of admissible level £k € Q with
denominator ¢ = 1, i.e. we have

k+n+1l=pwithpeN,p>n+1.

By Theorem 1.9 we have O; = O[in+1] = Oyero. Moreover, since 01 = Oyero, we easily
obtain that

Prj, = Pry, """ = Pryz (2.6)
by Theorem 2.11.
The more interesting case is g of admissible level k € Q with denominator g = 2, i.e.
we have

k—l—n—l—lzgwithpeN, (p,2)=1,p>n+1.

By Theorem 1.9 we have

o, {OW if n = 2m— 1,

Opm 1 it n=2m,

which implies that Oy C Oy provided X\ = [27,1"t172"] for r = 0,1,...,m. Therefore,
by (1.6) we have a decomposition

= 50 ™ S-0
PI‘k _ PI‘k zero | | |_| PI‘k [27"171,#»1727‘].
r=1

For r = 1,2,...,m, we denote by ), the partition [27,17t172"] of n + 1. As AL =
[n4+ 1 —r,r], we have
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{paa ppax b oifn41# 2r,
o) = § P P )
{phax ifn+1=2r

623

for r =1,2,...,m. Besides, we see that [p**]; = [px¢] together with

Wﬂgfx _ {e} if n+1#2r,
{e,w,} fn+1=2r.

Hence, by using Theorem 2.8 we may write

Prp =Przu| | || wAupl™) (2.7)
r=1weWrar"
if n is even and
o o m—1
Prp=PrzU | | || w A(pr)u | | w e Ap(pR)(2.8)
r=1 weWras® [w]eWpam \Wran

if n is odd, where m = |21 ] and

Ap(pai™) = {A - gwr§ Ae P_rk,z}

forr=1,2,...,n.

The Hasse diagram WP for the standard parabolic subalgebra p = p2** with a € II we
can determine by the methods described at the end of Section 1.3.1. However, since p is a
maximal parabolic subalgebra of g, which in other words means that the corresponding
nilradical u is commutative, there is a relatively easy way how to compute the Hasse
diagram WP, see [16] for more details.

3. Tame and strongly tame Gelfand—Tsetlin modules
3.1. Tame Gelfand—Tsetlin modules

Let us consider the simple Lie algebra g = sl,,+1 for n € N. A Cartan subalgebra f of
g is given by diagonal matrices

h = {diag(ai, a2, ..., ant1); a1,a2,...,an41 € C, Z?;lai = 0}.

For i = 1,2,...,n+ 1 we define ¢; € b* through ¢;(diag(a1,as,...,an+1)) = a;. The
root system of g with respect to b is then given by A ={e; —¢;; 1 <i#j<n+1}. A
positive root system in A is Ay = {g; —¢;; 1 <i < j < n+ 1} with the set of simple
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roots Mgy = {a1,a9,...,an}, a; = &; —gi41 for i = 1,2,...,n. We will also use the
notation

J
Q5 = E Ak = & — Ej+1
k=i

for 1 <1i < j < n. The fundamental weights are

7 Z n+1
w; = € — £
T T
Jj=1 Jj=1
for i = 1,2,...,n. Further, we define root vectors of g by

Cei—e; = Ci,j = E;; and fsi—sj = fij = Eji
together with the corresponding coroot

hEi*Ej = Ei,i - Ejsj
for1 <i<j<n+1, where E; j € My y1xn4+1(C) for 1 <i,j < n+1isthe (n+1xn+1)-
matrix having 1 at the intersection of the i-th row and the j-th column and 0 elsewhere.
In particular, we have

e =Fi i1, hi = Eis — Eig1i41, fi=Fit1,

for i = 1,2,...,n, for the Chevalley generators of g. Besides, we denote by by the
standard Borel subalgebra of g with respect to the positive root system A . Let us note
that for two Borel subalgebras by, by of g there exists an automorphism ¢ € Aut(g) such
that ¢(by) = bs.

Further, let us recall that there is the Tits extension W5 of the Weyl group W of g
which fits into the short exact sequence

1—>Z§imb—>WTis—>W—>1

of finite groups. Although, the Weyl group W does not have an action on g, its Tits ex-
tension Wyt has an action on g given as follows. For a € A and an sly-triple (eq, ha, fo),
we define r, € Aut(g) by

ro = exp(ad(fa)) exp(—ad(ea)) exp(ad(fa))-

Then the assignment 3,, — 7o, for ¢ = 1,2,... n, where 3,, is the generator of Wris
lifting the generator s,, of W, gives us a representation of Wris on g. Moreover, we
have 7oy = 5o and 74(gs) = g, (p) for a, € A. By a representative w € Aut(g) of
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w € W we will mean an element w = rqo,7q, - Ta,, if W = 54,50, *** Sa,, Where k € Ny
and oy € Tl for i =1,2,... k.

We will also need an automorphism o € Aut(g) order 2 induced from a symmetric
transformation

of order 2 of the Dynkin diagram of g and determined by

€ ent1—i, hi = —hny1-4, fi > fogi—i

for i = 1,2,...,n. It follows immediately that o(a;) = ani1-; for i = 1,2,...,n and
o(bs;) = bg. We denote by W the subgroup of Aut(g) generated by o and by r,, for
i=1,2,...,n.

For a commutative algebra I', we denote by Hom(I",C) the set of all characters of
T, i.e. algebra homomorphisms from I' to C. Let M be a I''module. For each character
X € Hom(T',C) we set

M, = {ve M; 3k € N) (Va €T) (a— x(a))*v = 0}.

We say that M is a I'-weight module if

M= & M,

x€Hom(T",C)

If M, # {0} then x is a I-weight of M. The set of all I'-weights of M is the I'-support
of M. The dimension of M, is the I'-multiplicity of x in M.

We will be mainly interested in commutative subalgebras of U(g) constructed in the
following way. Let

F:igiCgC--Cgn=29

be a chain of Lie subalgebras of g such that gy ~ sl 1 and g Nb is a Cartan subalgebra
of g for k = 1,2,...,n. The Gelfand-Tsetlin subalgebra T' of U(g) with respect to F
is generated by the Cartan subalgebra b and by the center of U(gg) for k =1,2,...,n,
see [13]. It is known that T" is a maximal commutative subalgebra of U(g). A finitely
generated I'-weight g-module M is called a I'-Gelfand—Tsetlin g-module.

Let I = {y1,72,.--,7n} be a set of simple roots in A. Let us note that we will
understand IT as an ordered set. Then the most important example of a Gelfand—Tsetlin
subalgebra of U(g) is the standard Gelfand—Tsetlin subalgebra Ty (IT) with respect to IT
which is attached to a chain F uniquely determined by a sequence
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mrc{mr - {72t

of sets of simple roots of the corresponding Lie subalgebras in the chain F. Moreover,
since there exists w € W satisfying I = w(Ily), we get immediately that Ty (1) =
w(Tst(Tgt)). We will use the notation I'y; instead of T'st (Il ) and II,, rather than w(Ilg)
for w € W. We denote by by the Borel subalgebra of g associated to IT and by py the
corresponding Weyl vector, i.e. the half-sum of positive roots (with respect to II) of g.

Example. If p D by is a standard parabolic subalgebra of g and F is a weight p-module
with finite weight multiplicities and trivial action of the nilradical u of p, then both
g-modules Mg (E) and L}(E) are s (IL,,)-Gelfand-Tsetlin g-modules for all w € W. In
particular, any highest weight g-module is a T's (I, )-Gelfand—Tsetlin g-module for any
weWw.

Definition 3.1. Let T' be a Gelfand—Tseltin subalgebra of U(g). We say that a I'-
Gelfand—Tsetlin g-module M is tame if ' has a simple spectrum on M, i.e. all T'-
multiplicities are equal to 1. In this case I'-weights of M parameterize a basis of M.

Finite-dimensional g-modules are examples of tame T4 (II,,)-Gelfand—Tsetlin g-
modules for arbitrary w € W. Various classes of infinite-dimensional tame Gelfand—
Tsetlin g-modules are known, e.g. generic modules [21], or more generally, relation
modules [22]. Moreover, relation I's;-Gelfand—Tsetlin g-modules can be characterized
as those g-modules having an eigenbasis for T'y; formed by a set of tableaux T'(v) for

veC™5™ | where T'(v) is the tableau associated to a vector

U= (Unt1,1s - Untintl|Un1s--sUnnl---|V2,1,022|01,1),

and admitting the action of the Chevalley generators in the form

b kHU i T Uk41,5

k
i1\ Iz (vk — vky)

k k—1 Vs — Ukt
fT@) =3 (H]‘—l( ki — Vko1)

k
i=1 Hj;éi(vk,i — Uk,j)

) T(v+ ok,

) T(v — 6F), (3.1)

k

k-1 k1
hi (T (v)) = (2 Z”M - kafu - kaﬂ,i - 1> T(v),
i=1 i=1 i=1

where 6% is the vector having 1 at the position (k,4) and 0 elsewhere, for k = 1,2,...,n.
If a denominator equals zero, then the summand is assumed to be zero. For such a relation
g-module, we will use the name strongly tame I'y-Gelfand—Tsetlin g-module.

Let M be a g-module with the action of g given via a homomorphism 7: g — End M
of Lie algebras. For w € W, we define the twisted g-module M® in such a way that as a
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vector space it coincides with M, however the action of g is given through a homomor-
phism m,: g — End M of Lie algebras defined by 7, (a) = n(w™1(a)) for a € g.

Let II be a set of simple roots in A. We say that M is a strongly tame Iy (II)-
Gelfand-Tsetlin g-module if there is w € W such that II = w(Ily) and M v s a
strongly tame I'y-Gelfand—Tsetlin g-module.

The following useful proposition is an immediate consequence of the definition of
strongly tame Gelfand—Tsetlin g-modules.

Proposition 3.2. Let I be a set of simple roots in A and let M be a strongly tame T (IT)-
Gelfand-Tsetlin g-module. Then M"Y is a strongly tame Iy (w(Il))-Gelfand—Tsetlin g-
module for w € W.

Again, finite-dimensional g-modules are examples of strongly tame s (I1,, )-Gelfand—
Tsetlin g-modules for any w € W. Besides, strongly tame highest weight I'g-
Gelfand—Tsetlin g-modules were described in [20, Theorem 4.8].

Let b = byy for a set of simple roots IT = {~1,v2,...,vs} in A.

Theorem 3.3. [20, Theorem 4.8] Let A\ € b* be a regular dominant weight. Then the
simple g-module L (X) is a strongly tame T (II)-Gelfand—Tsetlin g-module.

Using the fact that L, (w(X)) =~ Lg(A)" for A € b* and w € W, we easily obtain
from Proposition 3.2 the following statement.

Corollary 3.4. Let A € b* be a regular dominant weight. Then Lf‘u(b)(w()\)) is a strongly
tame T (w(I1))-Gelfand-Tsetlin g-module for w € W.

Corollary 3.5. Let LY (\) for A € b* be a strongly tame Tg(II)-Gelfand—Tsetlin g-module
such that (N + pe,7y) € N for all i € I, where I is some subset of {1,2,...,n}. If
w € W is the element of minimal length satisfying (w(X + pp),7;’) € =N for alli € I,
then Ly(X) = LY, 5y (w(X)) is a strongly tame T (w(IT))-Gelfand-Tsetlin g-module.

The following observation is a key lemma.

Lemma 3.6. Let A € b* be a regular dominant weight with respect to b and let r €
{1,2,...,n} be such that (A + pp,~,’) & Z. Let us suppose also that X satisfies one of the
following conditions:

i) (A po,7) €Z forall1 <i<j<r;
i) (A +pp,7) €N forallie {1,2,...,r —1};
i) (Ape, 1) € Z, (Apo,7_1,.) € N, and (A+pp,7)) €N forallk € {1,2,...,n}\
{r —1,r} provided r # 1;
i) (Apo, 1 11) & Z, (Apos 7 ri1) €N, and (M-pe, 7)) €N forallk € {1,2,...,n}\
{r,r + 1} provided r # n.
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Then there exists w € W such that L1 (w™' (X)) is a strongly tame Ty (IT)-
Gelfand-Tsetlin g-module. Moreover, we have that LY(\) is a strongly tame Tg(w(II))-
Gelfand—Tsetlin g-module.

Proof. For r = 1 the statement follows from [20, Theorem 4.8] with w = e. Let us
assume that 7 > 1. Then in both cases we set w = 5,5, 5y, 55y, "5y, 54, Let
us choose v; € C for j = 1,2,...,n+ 1 is such a way that vy —va = (A + ps,7Y),
U1 = Urg1 = —(A+ pp,711)s V2 — vriz = (A F po, W), V2 — V43 = (A + pp, 7)) for
1<j<r—2v—vj4 = <)\+pb,fij> forr+2<j<nand

n+1 n+ 1
Z Vi =" 2 :
=1
n(n+1)

Further, let us consider the Gelfand—Tsetlin tableau T'(v) for v € C™ 2 satisfying

v+r—1 ifi=5=1,

n+r—i+1 ifl<i<randj=i-1,

V1 ifi>randj=r,

vo+r—i+1 ifl<i<randj=i,
i = Vg if i >r and j =71,

U3 ifi>3and j =1,

Vjy2 ifi>4and2<j<r,

vj ifi>j>r+1.

Let C be the maximal set of relations satisfied by the tableau T'(v). Then C is an
admissible set of relations and Ve (T'(v)) is a simple g-module by [22, Theorem 5.6].
Therefore, we get that Ve (T'(v)) = U(g)T (v) together with relations e, (7'(v)) = 0 for
jef{1,2,...,n}\ {2, + 1} and e, ., (T(v)) =0, f,, . (T(v)) = 0, which gives us that
T(v) is a highest weight vector with respect to the Borel subalgebra w=1(b) of g. More-
over, we have h, (T(v)) = (A7) T(V), hr,, (T(0)) = MY 1) T(v), oy, (T()) =
(A 751) T(), by, oy (T(0) = (A7) T(v) for 1 < j < 7 =2 and hy, (T(v)) = (A, 7)) T(v)

for r +2 < j <n, which implies that Vc(T'(v)) ~ L§-1, (w=t(N)). O
3.2. Localization of tame Gelfand-Tsetlin modules

Let f € g be a locally ad-nilpotent regular element in U(g). We denote by U(g)y) the
left ring of fractions of U(g) with respect to the multiplicative set {f"; n € Ny} in U(g).
In addition, we introduce a 1-parameter family of algebra automorphisms @? 2U(9) ) —

U(g)s) by
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op =3 () w

k=0

for v € C and u € U(g)(s). Hence, we may define the twisted localization functor D¥
relative to f and v on the category of g-modules as

Dy (M) =U(g)(s) ©u(g) M
for a g-module M, where the action of g on DJVC(M) is twisted through ©%, i.e. we have
u(v) = 0% (u)v

for u € U(g)y) and v € D}(M). We will also use the notation Dj instead of Dj.
Furthermore, we define the twisting functor T on the category of g-modules as

Ty (M) = Dy (M)/M

for a g-module M, which is well defined since M is a g-submodule of D;(M).
Twisted localization functor preserves the annihilator of highest weight modules with
dominant highest weights.

Lemma 3.7. [20, Corollary 3.5] Let b = byy for a set of simple roots Il in A, v € C and
A € b* be a dominant weight with respect to b. Let us assume that f € g is a locally ad-
nilpotent regular element in U(g). If f is injective on the g-module LY (X), then we have
Anng gLy (N) = Anny ) D (Lg(N)) = Anng )N, where N # 0 is a simple subquotient
of DYLE(N)).

In particular, Lemma 3.7 says that if L{()) belongs to a nilpotent orbit O of g, then
D?(Lg (M) belongs to the same nilpotent orbit O for any v € C.

Let b = by for a set of simple roots IT = {y1,72,...,7.} in A. It was shown in [20]
that the twisted localization functor D% for v € C defines a functor on the category of
strongly tame [y (IT)-Gelfand—Tsetlin g-modules via the restriction.

Theorem 3.8. Let M be a simple strongly tame Tg(I1)-Gelfand—Tsetlin g-module and
f = f'yl'

i) [20, Lemma 5.2] If f is injective on M, then Ty(M) is a strongly tame D' (II)-
Gelfand-Tsetlin g-module.
ii) /20, Theorem 5.4] If f is injective on M, then D'}(M) is a strongly tame I's;(1I)-
Gelfand-Tsetlin g-module for any v € C.
iii) /20, Corolary 5.5] If f is bijective on M, then M ~ D'%(N) for some simple strongly
tame Ty (IT)-Gelfand-Tsetlin g-module N with injective action of f and some v €
C\Z.
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Corollary 3.9. Let M be a simple strongly tame Tg(I1)-Gelfand—Tsetlin g-module and
= fuwey) for some w € W. If f is injective on M™, then D;(Mw) s a strongly tame
Dt (w(ID))-Gelfand-Tsetlin g-module for any v € C.

Proof. By Proposition 3.2 we have that M™ for w € W is a strongly tame I'y;(w(II))-
Gelfand-Tsetlin g-module. As T's;(w(II)) is the standard Gelfand-Tsetlin subalgebra of
U(g) with respect to w(II) having w(vy;) as the first simple root and f is injective on
M™ | the statement follows from Theorem 3.8. O

Corollary 3.10. Let A € h* be a regular dominant weight with respect to b satisfying the
assumptions of Lemma 3.6 and f = f,. forr € {1,2,...,n}. Then

i) Tr(Lg(N)) =~ LE (5)(A+7r) s a strongly tame U'se(w(ID))-Gelfand-Tsetlin g-module;
ii) D¥(Ly(N)) is a strongly tame T (w(I1))-Gelfand-Tsetlin g-module for any v € C.

Proof. The first statement follows from Lemma 3.6 and Theorem 3.8(i). As w(y,) is
the first simple root of w(II), the second statement follows from Lemma 3.6 and Theo-
rem 3.8(ii). O

4. Explicit realization of admissible modules
In this section we give an explicit realization of admissible sl,, ;1-modules.
4.1. Realization of admissible highest weight modules

Let us remark that strongly tame highest weight I'g;-Gelfand—Tsetlin g-modules were
classified in [20, Theorem 4.8]. As a consequence of this classification we get the following
statement.

Let £ € Q be an admissible number for g with denominator g € N, i.e. we have

k+n+1:£withp,q€N, (pg)=1,p>n+1
q

In the whole section we will assume that b is a Borel subalgebra of g associated to a set
of simple roots IT = {y1,7¥2,...,7»} in A. The set of positive roots with respect to b we
denote by AY.

Theorem 4.1. For A\ € Pry, the simple g-module LY(X\) is a strongly tame T (II)-

Gelfand-Tsetlin g-module. Moreover, if w € W then L, ) (w())) is a strongly tame
Dyt (w(ID))-Gelfand-Tsetlin g-module.

Proof. It follows immediately from Corollary 3.4, given that all A € Prj are regular
dominant. O
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The following generalizes [20, Corollary 6.8] for arbitrary nilpotent orbit of g.

Corollary 4.2. Let A € fTrkO for a nilpotent orbit O of g. Let us assume that f., is injective
on L§(X) for a simple root v € II. Then LE oy(A + ) is an admissible strongly tame
Lst (s (IT))- Gelfand-Tsetlin g-module which belongs to the nilpotent orbit O.

Proof. As L (,)(A+7) is a subquotient of Dy (Lg(})), we get that LI ) (A +7) is an
admissible g-module which belongs to the nilpotent orbit O by Lemma 3.7. Applying
Theorem 4.1 we get that L 5)(A + ) is a strongly tame I (s, (II))-Gelfand-Tsetlin
g-module. O

Corollary 4.3. Let A € Pry, 1 <7 < n and w = 8,55, 25,1 " 545y € W if
r>1andw=ee€ W ifr =1. Then L{()) is a strongly tame T (w(I1))-Gelfand-Tsetlin
g-module in the following cases:

. = Opri

1) A E Prk plln;

. 5.0 omin{r - \+1—2 min{r,nt+1— .
i) X € Ag(pex) C Pry lemintrmtizrhnimzmimdn st iordy gy igh,

Ak(p’ymrax) = {[L gawr; 1% S lTrk,Zv ac N’ a S q— 1}’

i) A e Ap(pi) C ﬂf“breg provided r < n with

n—1 n—1
Ar(p3") = {H Yy > aiwi; p € Priz, a1,az,.. a0 1 €N, Y a; <q— 1}7

i=1 i=1

wherek—i—n—l—l:g with p,q € N, (p,q) =1 and p > n+ 1.

4.2. Realization of admissible sly-induced modules

We will discuss tableau realizations of simple admissible sls-induced g-modules which
belong to the principal nilpotent orbit, the subregular nilpotent orbit and the nilpotent
orbits for maximal parabolic subalgebras.

Let us consider a parabolic subalgebra p = [ & u D b of g such that the Levi sub-
algebra [ is isomorphic to sly + h. For a simple weight [-module F, we may consider
the generalized Verma module M (E), where E is understood as a p-module on which
u acts trivially, together with its simple quotient Lg (E). We will call them sly-induced
g-modules. Since p is a standard parabolic subalgebra of g, there exists a simple root
v €Il = {y1,72,...,Vn} such that the corresponding sly-triple (e, h., f,) forms a basis
of [I, I]. Based on the well-known classification of simple weight sla-modules (see e.g. [29]),
we easily obtain a classification of simple weight I-modules which looks as follows.
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i) The finite-dimensional l-modules Ey with highest weight A € h*, where A, € Nj.

iif) The highest weight [Fmodules Ly with highest weight A € h*, where A, € C \ Np.

iii) The lowest weight [-modules L with lowest weight A € h*, where \, € C \ —N.

iv) The cuspidal [-modules Ry ¢ with weight A € h* and £ € C, where A\, € C and
2 # p(p+2) for all p e Ay +2Z.

We used the notation A, = A(h,) for A € h*. Let us note that the parameter { € C for
R ¢ is the eigenvalue of the sly-Casimir element ¢, defined by

ey = ey fy + frey + %hi

Besides, we have that Ry ¢ >~ Ryyn~y¢ for n € Z. Also note that all -modules above are
strongly tame I'g-Gelfand—Tsetlin modules.

In the next, it will be convenient for us to use the following realization of the simple
weight [-modules from the classification above, i.e. we have

i) LL(\) = Ey for A € b* if (A + pp,7Y) € N;
i) Miny (V) = Ly for A€ b7 i (A + po,7") & N;
iii) wa( bm[()‘)) =~ EA+»Y for A e p*if (A + Pb7’7v> ¢ —N;
iv) DY (Ml(N) = Rajume, for A € %, v € C\Z if v+ (A + po,7") & Z, where

(O 2)
SA = "=

Since Ly(Ey) ~ Lg(A) if (A + pe,7") € N, Ly(Lx) ~ Lg(A) if (A + pe,7Y) ¢ N,
and L§(Ly) =~ LS )X +7) if (A + pe,7") ¢ —N, we see that in cases (i)—(iii) the
corresponding simple sly-induced g-modules are highest weight g-modules. On the other
hand, the last case leads to non-highest weight g-modules that we will focus on below.

Let us note that the action of e, and f, on Rx1,-¢, is injective for A € h* and v € C\Z
provided v + (A + pp,vY) ¢ Z.

Proposition 4.4. /20, Theorem 5.6] Let n > 1, A € h* and v € C\Z. Then Ly(Rxtuy, ¢,)
is a strongly tame I's (IT) - Gelfand—Tsetlin g-module if and only if LY(X) is a strongly tame
[ (1) -Gelfand-Tsetlin module provided (A + pp,vy) ¢ Ng and v+ (A + ps,7y) & Z.
Moreover, we have that Ly(Rxqvy, ¢,) ™ Dy (LE(N).

Let k € Q be an admissible number for g with denominator g € N, i.e. we have
k+n+1= b with p,g e N, (p,¢) =1, p>n+1,
q

and let E be a simple weight [-module. It follows from [3, Theorem 2.12] that if Ly (E)
is an admissible g-module of level k, then E is an admissible sly-module of level k., =
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k+mn—1. From the realization of Rx1,+¢, through the twisted localization functor DY
and by using Lemma 3.7, we get the following statement.

Proposition 4.5. [20, Proposition 6.9] Let A € h* and v € C \ Z. The [-module Ry~ ¢,
is an admissible sly-module of level k., if and only if (A\+pp, ") = b— %a and v— ga ¢7,
where a,b € N satisfya < q—1and b <p—2.

Now by applying Proposition 4.4 and Proposition 4.5 we obtain the following gener-
alization of [3, Theorem 6.5] and [20, Corollary 6.11].

Corollary 4.6. Let n > 1, A € b* and v € C\ Z. Then Ly(Rxty, ¢,) is an admissible
strongly tame Ty (I1)-Gelfand-Tsetlin g-module if and only if X\ € Pry, provided (A +
po; 1) ¢ Z and v+ (A+ py, 1)) & Z.

Let us note that admissible g-modules Ly (Rx1p+,,¢,) in Corollary 4.6 are sly-induced
modules, where the Lie subalgebra sly of g is given by the first simple root ~;. Hence,
we need an extension of Corollary 4.6 to other simple roots. As a consequence of Propo-
sition 4.4 and Corollary 3.10(ii) we obtain the following result.

Corollary 4.7. Let n > 1, A € b* and v € C\ Z. Let us assume that A\ satisfies the
conditions of Lemma 3.6 for a simple root . Then DY (LE(N)) is a simple strongly tame
st (w(I))-Gelfand-Tsetlin g-module provided v + (A + p,vV) ¢ Z. Besides, we have
DY} (Lg(N) 2 Ly (Rasvry 65)-

4.2.1. Principal nilpotent orbit
By Theorem 2.12 we have that [lTrkOp] is represented by the set A (b), where

Ay (b) = {M—gzaiwi; pePrpg, a,az,... a0 €N, Zai Sq—l}

i=1 i=1

Further, since for A € Ag(b), (A + ps,7Y) ¢ Z for all v € AY, we obtain immediately
that a weight A\ € Pry, ”™ is not only regular dominant but also antidominant. Therefore,
we have the following refinement of Theorem 4.1 for the principal nilpotent orbit.

Theorem 4.8. If \ € lTrkOp“", then Ly(X) is a strongly tame T's(w(I1))-Gelfand-Tsetlin
g-module for any w € W.

Proof. If \ € ITr,?p““, then the weight A is regular dominant and antidominant, and
Lg(X) >~ MZ(X) is a strongly tame Iy (IT)-Gelfand—Tsetlin g-module. Further, for w € W
the weight w~'()\) is also strongly generic, and hence L§—1p) (w~t(N)) is a strongly tame
[ (TT)-Gelfand-Tsetlin g-module, which gives us that L3 -1y (w ™" (A)” = L{(A) is a
strongly tame I's;(w(IT))-Gelfand—Tsetlin g-module. O
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We have the following refinement and generalization of [3, Theorem 6.5]. It provides
a classification and an explicit construction of all simple admissible sls-induced modules
in the principal nilpotent orbit.

Theorem 4.9. Let n > 1, A € fTrkOp”", yeAL, veC\Z and v+ (A + pp,7Y) & Z.
Further, let us assume that w € W satisfies v = w(v1). Then

i) D} (Lj(N)) is a simple admissible strongly tame Us(w(I1))-Gelfand-Tsetlin g-module
which belongs to the principal nilpotent orbit;

ii) g-modules D;W(Lg(/\)) for~ € 11 ezhaust all simple admissible sla-induced g-modules
which belongs to the principal nilpotent orbit. All such g-modules have unbounded
finite weight multiplicities.

Proof. By Theorem 4.8 we have that L{(\) is a strongly tame I's(IT)-Gelfand—Tsetlin
g-module. Since f, is injective on L§()), the first statement follows from Lemma 3.7 and
Theorem 3.8. The second statement follows from Proposition 4.4. O

Remark.

i) Let us note that DY (Lg(A)) has infinite weight multiplicities if v ¢ II.

ii) We see that admissible modules in the principal nilpotent orbit admit various real-
izations as strongly tame Gelfand—Tsetlin modules analogously to finite-dimensional
modules. This is typical for admissible modules in all nilpotent orbits.

4.2.2. Nilpotent orbits for mazximal parabolic subalgebras
Let us consider 1 < r < n. Then by the results of Section 2.2.4 we have that the
set of equivalence classes [ﬁkop’“i“”’"“_”~1"+1_2mi"“’"+1_”1]

Ak (p3), where

is represented by the set

Ap(p5™) = {u— gawr; pePryz,aeN,a<q- 1}~

Let us note that for A € Ag(p2***) with 7 = 1 or 7 = n, the g-module L () is a simple
admissible highest weight g-module which belongs to the minimal nilpotent orbit.

Next theorem provides a realization for certain simple admissible sls-induced g-
modules which belong to the nilpotent orbit attached to a maximal parabolic subalgebra

of g.

Theorem 4.10. Let A € Ag(p**), 1 <r <n,y € A%, v e C\Z andv+(A+pp,7") ¢ L.
Further, let us assume that (A + py,7") & Z. Then Dy (L§(N)) is an admissible g-
module which belongs to the nilpotent orbit attached to the maximal parabolic subalgebra
pIax. Moreover, there exists w € W such that Dy (Lg(N)) is a strongly tame Ty (w(IT))-
Gelfand—Tsetlin g-module.
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Proof. If r =1 or » = n then the statement was proved in [20, Theorem 6.12], where a
complete classification of simple admissible sls-induced g-modules in the minimal orbit
was obtained. Let us assume now that 1 < r < n. The admissibility of D} (Ly(N)) follows
from Lemma 3.7. If we have v = 7, for 1 < r < [2EL ], then the statement follows from
Corollary 3.10 for w, = Sy, Sy, 8y, 58y, "= Sy, 5y, € W. If 7 > |%H | we apply the
automorphism o and then the element w,, .. This proves the statement for simple
roots.

Let us assume now that v = ;5 for 1 <7 <r < j <mnand i < j. We proceed by
induction on j—i with j—¢ = 0 as the base of induction which corresponds to a simple root
considered above. For ¢ < 7, let us consider the g-module Lg%(b)(si()\)) ~ L{(A). Then
ng(b)(si()\)) is a T's(sy,(II))-Gelfand-Tsetlin module (cf. Corollary 3.5). The Borel
subalgebra s, (b) corresponds to a new set of simple roots s, (II) = {~{,73,...,7,} and
=" +1,;- The result then follows by induction. Further, for ¢ = r we have j > r. In this
case we consider the g-module L )(s,(\)) =~ LY (X) and we apply the same argument.
This completes the proof for A € Ay (p7**). O

Remark. Theorem 4.10 shows how to explicitly construct simple admissible sls-induced
g-modules for the representatives of maximal parabolic orbits. These modules do not
exhaust all admissible sl;-induced g-modules. For example, by acting on A by a simple
reflection s, corresponding to a non-integral entry one obtains an admissible highest
weight g-module Lg(sw - A) in a maximal parabolic orbit which can be localized with
respect to any root v, ; such that (s, - X\,7;) ¢ Z. This follows from Corollary 4.2 and
Lemma 3.6. On the other hand, more admissible sls-induced g-modules can be obtained
by using other highest weights in maximal parabolic orbits.

4.2.8. Subregular nilpotent orbit
By Theorem 2.10 we have that [ITrkOS"breg] is represented by the set Ay (p2"), where

n—1 n—1
Ak(pg:n) = {/j‘ - a Zazwzv M S Prk,Za a1,az,...,ap—-1 S Nv Zai S q— 1}
=1 =1

Let us note that for A € Ax(pZ™) and all v € A5\ {,,}, we have (A + py,7") ¢ Z.

As an immediate consequence of Lemma 3.6 and [20, Theorem 5.4] we obtain the
following statement. For 1 < r < n, we set W, = Sy,_ 5,5y, 55y, 1 " Sy, 8y, € W if
r > 1, and w, = e for r = 1.

Corollary 4.11. Let A € Ak(pgﬂin), 1<r<nand w=w,. Then

i) LE-1(p)(w™ (X)) is a strongly tame T (I1)-Gelfand-Tsetlin g-module;
ii) Lg(X) is a strongly tame Tg (w(II))-Gelfand-Tsetlin g-module.
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The next theorem follows from Corollary 4.7. It provides a realization for certain
simple admissible slp-induced g-modules which belong to the subregular nilpotent or-
bit.

Theorem 4.12. Let A € Ax(p2™), v € {71, -1, -1+ W}, v € C\Z, v+ (A +
po,7Y) & Z. Then Dy (L3 (X)) is a simple admissible g-module which belongs to the sub-
regular nilpotent orbit. Moreover, we have that D} (Lg(N)) is a strongly tame Tg;(w(II))-
Gelfand—Tsetlin g-module with w = w, for v = v, 1 <r < n, and w = w,_15y, for
Y= Yn—-1+Vn-

Let us note that the case v = ~; in Theorem 4.12 is already covered by Theo-
rem 3.8.

5. Tableau realization of admissible sl4-modules

In this section we give examples of a tableau realization of simple admissible modules
over the Lie algebra sly.

Let g = sly and let £ € Q be an admissible number for g with denominator ¢ € N,
i.e. we have

k+4="LwithpgeN, (pg)=1,p>4.
q

By results of Section 2.2.3 we know that if A\ € Prj, then the simple highest weight
g-module L{(\) belongs to the one of the following nilpotent orbits

Oprin = Ob; Osubrcg = Opg‘é“a Orcct = Opg‘;xa

Omin = Opg‘;"‘v Ogero = Og

depending on the level k. We will restrict ourselves to the case when A € Ag(p) for the
corresponding nilpotent orbit O,. For all nilpotent orbits, except the zero nilpotent orbit,
we will describe a tableau realization of g-modules My (), Ty Mg (A) and Dy Mg ()) for
f=fa,and v eC.

For that reason, let us consider the Gelfand-Tsetlin subalgebra I" = T'g;(I1,,) for the
element w = s5 of the Weyl group W. The corresponding chain F of Lie subalgebras of
g is determined by the sequence of sets of their simple roots

{041,2} - {(11,2, —az} C {041,2, —0427012,3}

By applying a representative w of w to the formulas (3.1) we obtain the action of g on
strongly tame I'-Gelfand—Tsetlin g-modules.
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For a description of bases we will use the following notation introduced in [22]. Let
T(v) for v € C'0 be a tableau satisfying a set of relations in C. We denote by

Be(T(v)) = {T(v+i(2)); z € Z° T(v+i(z)) satisfies relations in C},
where the embedding i: C® — C0 is given by
(v3,1,v3,2,v33|v2,1,v2.2|v1.1) = (0,0,0,0[v3 1,03 2,03 3v2,1, V22|01 1)

Besides, since the condition that a tableau T'(v + i(z)) satisfies relations in C leads to a
system of inequalities on

z = (r,s,tlm,n|f)

with integer coefficients, we shall denote the set B¢ (T (v)) by these inequalities. Further-
more, we denote by Ve (T (v)) the I-Gelfand—Tsetlin g-module spanned by B¢ (T (v)) with
the corresponding action of g.

5.1. Principal nilpotent orbit
For A € Ay(b) C ITrkOP“", we have
A= (/\1 — %a,/\g - %b,)\g, - %a) with a,b,c € N, a+b+c<q—1.

We set v1 —vs = A+ p,af) & Z,v5 —va = AN+ p,a3) & Z,va —vs = N+ p,a) ¢ Z
such that vq + vy + v3 + v4 = —6.

U1 V2 U3 V4

U1 U2 U3

U1 vy +1

U1

Let us note that the parabolic subalgebra p in Table 1 corresponds to the Borel
subalgebra b. In addition, we assume that v € C \ Z satisfies v + (A + p, o ») ¢ Z.
The g-modules My(\), Ty Mg (\) and Dy Mg ()) are simple, since C is the maximal set
of relations satisfied by the tableau T'(w). All weight multiplicities are infinite.

5.2. Subregular nilpotent orbit
For A € Ay (piin) C P_lrkos“breg7 we have

A= (M —Ba, Ay — Bb,\3) with a,b €N, a+b<g—1.
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Table 1
Principal nilpotent orbit.
Ve (T'(w)) T (w) C Be (T (w))
[ ] [ ] L] [ ]
. . . (<m<r<o
. ° . <0
ME(Y) T(v) \. \. <o
\ s
[ ]
[ ] [ ] o [ ]
N N\ N m<r<o
. ° . s<0
DfMEQN)  T(v) \. \. ‘<
S
[ ]
[ ] [ ] o [ ]
NOONL N, e
[ ] [ ] [ ] K]
Ty ME(N) T(v+ 641 \ \ t <
[ ] L]
s<n
\. m < £
[ ] [ ] o [ ]
N\ . N m<r<0
[ ] [ ] [ ] s
DYME(X) T(v+vsht) AW AN
[ ] L] t -

We set v —vs = A+ p,a)) € Z, v3—vo={AN+p,ay) ¢ Z, vo —vg = (A4 p,ay) €N
such that vq + v + v3 + v4 = —6.

U1 V2 Vg U3

U1 vy + 1

U1

Let us note that the parabolic subalgebra p in Table 2 corresponds to the minimal

parabolic subalgebra pii". In addition, we assume that v € C\Z satisfies v+(A-p, a o) ¢

3
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Table 2
Subregular nilpotent orbit.
Ve (T (w)) T (w) c Be (T (w))
L] [ ] [ ] L]
N NS | o(t<m<r<o
. ° ° A <s<0
ME(Y) () \. \. <o
\ s<n
L]
o [ ] ® o
N NS S/ (m<r<o
. ° ° A3 <s<0
DyMI(Y)  T(v) NN, o
s<n
o
° ° ° ° m<r<0
\. \./ ./ Ccs<o
Ty M2 () T(v + 651) AW AN t<0
[ ] ° s<n
\. m < £
[ ] [ ) [ ] [ ]
N N S S/ (m<r<o
° ° ° A <s5<0
DYME(A)  T(v+wvshh) \. \. BtSO
s<n

Z. The g-modules MJ(\), Ty Mg (\) and D¥Mg(\) are simple, since C is the maximal
set of relations satisfied by the tableau T'(w). All weight multiplicities are infinite.

5.8. Rectangular nilpotent orbit
57 Orect
For A € Ap(ppa>) C Pr;™", we have
A= ()\1,)\2 — %a,)\g) with a € N, a< q— 1.

We set v1 —v3 = (A+p,af) EN,vg—ve=(AN+p,ay) ¢ Z, va —vg = (A+p,ay) €N
such that vq + vg + v3 + v4 = —6.
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Rectangular nilpotent orbit.

Ve (T (w))

T (w)

Mg (N

Dy MJ(A)

T(v)

Ty MZ(N)

T(v+6"")

D¥MZ(N)

T(v+vébl)

U1

U3

)

(%)

vy + 1

U1

Let us note that the parabolic subalgebra p in Table 3 corresponds to the maximal
parabolic subalgebra p2?*. In addition, we assume that v € C \ Z satisfies v + (A +

a2

P,y o) ¢ Z. The g-modules Mg (), Ty Mg (\) and DY Mg (\) are simple with unbounded
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Table 4
Minimal nilpotent orbit.
Ve (T'(w)) T (w) c Be (T(w))
. ° . .
N\ NSNS (tsm<r<o
. ) ° A <t<0
Mg (N) T(v) \. \./ A3 <s5<0
\ s<n<t—A
.
) ° . )
NN S NS m<r<o
° ° . A <t<0
DyMZ(N)  T(v) \. \./ —A3<s<0
s<n<t— A
)
° ° ° ° m<r<0
NN (e
TrME(A)  T(v+85h) AW N S A3 <s<0
4 4 s<n<t— A
\. m </
[ ] [ ] [ ] [ ]
N NSNS m<r<o
. . ° A <t<0
DYME(N)  T(v+wsh?) . . —A:gsgo

s<n<t— A

weight multiplicities, since C is the maximal set of relations satisfied by the tableau
T(w).

5.4. Minimal nilpotent orbit
57 Omin
For A € Ap(ppa*) C Pr,™", we have
A= ()\1 — ga,AQ,)\g) with a € N, a< q— 1.

We set v1 —v3 = (A+p,af) € Z,v3 —va = A+ p,a3) €N, vg —vg = (A+p,ay) €N
such that vq + vg + v3 + v4 = —6.
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U1 U3 V2 Vg

U1 vy + 1

U1

Let us note that the parabolic subalgebra p in Table 4 corresponds to the maximal
parabolic subalgebra p3'**. In addition, we assume that v € C \ Z satisfies v + (A +
P,y o) ¢ Z. The g-modules Mg (X), Ty M (\) and D¥My(A) are simple with bounded
weight multiplicities, since C is the maximal set of relations satisfied by the tableau T'(w).
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