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Introduction

Representation theory of simple affine vertex algebras is actively expanding field with 
important applications in 2d conformal field theory. Theory of highest weight represen-
tations was developed in [27] and [9]. More general positive energy representations were 
studied in [4], [5], [7], [3], [25], [26], [19], [20], [6], [2], [1]. By a key result of [31], there is 
a one-to-one correspondence between simple positive energy representations of the sim-
ple affine vertex algebra Lκ(g) of level κ attached to a simple Lie algebra g and simple 
modules over the corresponding Zhu’s algebra A(Lκ(g)) which is a subalgebra of the 
universal enveloping algebra U(g) of g. Moreover, the Zhu’s algebra A(Lκ(g)) is isomor-
phic to U(g)/Iκ(g), where Iκ(g) is a two-sided ideal of U(g). Hence, a full classification 
of simple positive energy representations of Lκ(g) is reduced to a classification of simple 
g-modules such that their annihilators in U(g) contain Iκ(g). On the other hand, from 
[15] for any primitive ideal I of U(g) there exists λ ∈ h∗ such that I = AnnU(g)L

g

b
(λ), 

where h is a Cartan subalgebra of g and Lg

b
(λ) is the simple g-module with highest weight 

λ for a Borel subalgebra b of g containing h. A complete description of weights λ ∈ h∗

satisfying Iκ(g) ⊂ AnnU(g)L
g

b
(λ) for an admissible level κ was done in [9]. We call such 
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weights admissible of level κ. Besides, we say that a g-module E is admissible of level κ
if AnnU(g)E = AnnU(g)L

g

b
(λ) for some admissible weight λ ∈ h∗.

Explicit Gelfand–Tsetlin tableau realizations of certain highest weight modules over 
the simple Lie algebra g of type A were constructed in [3]. All such simple admissible 
highest weight g-modules of admissible level κ corresponding to the minimal nilpotent 
orbit were described in [20]. A class of non-highest weight g-modules was also constructed 
in [17] and [18] by using the Arkhipov’s twisting functor. A characterization of which of 
these g-modules are admissible is given in [19].

The goal of this paper is threefold. First, we obtain a convenient combinatorial de-
scription of admissible weights of admissible level κ for a simple Lie algebra g of type 
A in Theorem 2.8. In particular, weights corresponding to the minimal, subregular and 
principal nilpotent orbits of g are described. Next, we give an explicit construction of 
all simple admissible highest weight g-modules in Theorem 4.1. Finally, we address the 
problem of an explicit realization of simple admissible weight g-modules in the principal, 
subregular and maximal parabolic nilpotent orbits. We give a Gelfand–Tsetlin realization 
of simple admissible highest weight g-modules and certain classes of simple admissible 
sl2-induced g-modules in these orbits. Constructed modules are tame, i.e. they admit 
a diagonalizable action of a certain Gelfand–Tsetlin subalgebra Γ of U(g). In addition, 
they are strongly tame, i.e. they have a basis consisting of Gelfand–Tsetlin tableaux with 
the explicit action of g given by the classical Gelfand–Tsetlin formulas with respect to 
Γ. Obtained results provide an evidence for the following conjecture.

Conjecture 1. Let Lg

b
(λ) be a simple admissible highest weight g-module of level κ with 

highest weight λ ∈ h∗. If 〈λ, α∨〉 /∈ Z for a simple root α, then there exists w ∈ ĎW such 
that Dν

fα
(Lg

b
(λ)) is a strongly tame Γst(w(Π))-Gelfand–Tsetlin g-module, where ĎW is the 

subgroup of Aut(g) generated by the Tits extension of the Weyl group W of g and by the 
symmetries of Dynkin diagram of g.

We show that Conjecture 1 holds for any λ ∈ h∗ which corresponds to the principal 
nilpotent orbit (Theorem 4.8), and for the representatives of the subregular nilpotent 
orbit (Theorem 4.12) and maximal parabolic nilpotent orbits (Theorem 4.10). Moreover, 
in the case of maximal parabolic and subregular nilpotent orbits Conjecture 1 also holds 
for suitable non-simple roots. Earlier, this was shown for the minimal nilpotent orbit in 
[20].

Further on, since any simple admissible cuspidal g-module is obtained from a highest 
weight g-module by a sequence of twisted localizations, we dare to make the following 
conjecture.

Conjecture 2. Let M be a simple admissible weight g-module. Then there exists w ∈ ĎW

such that Dν
fα

(M) is a strongly tame Γst(w(Π))-Gelfand–Tsetlin g-module.

Explicit realizations of localized simple admissible sl4-modules is given in Section 5.
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We denote by C, R, Z, N0 and N the set of complex numbers, real numbers, integers, 
non-negative integers and positive integers, respectively. All algebras and modules are 
considered over the field of complex numbers.

1. Admissible modules

1.1. Induced modules

Let g be a complex semisimple finite-dimensional Lie algebra and let h be a Cartan 
subalgebra of g. We denote by Δ the root system of g with respect to h, by Δ+ a positive 
root system in Δ and by Π ⊂ Δ+ the set of simple roots. For α ∈ Δ+, let hα ∈ h be 
the corresponding coroot and let eα and fα be basis of root subspaces gα and g−α, 
respectively, defined by the requirement [eα, fα] = hα. We also set

Q =
∑
α∈Π

Zα and P =
∑
α∈Π

Zωα,

where ωα ∈ h∗ for α ∈ Π is the fundamental weight determined by ωα(hγ) = δα,γ for all 
γ ∈ Π. We call Q the root lattice and P the weight lattice. Further, we define the Weyl 
vector ρ ∈ h∗ by

ρ = 1
2

∑
α∈Δ+

α.

Let κg be the Cartan–Killing form on g and (· , ·)g the corresponding induced bilinear 
form on g∗. Whenever α ∈ h∗ satisfies (α, α)g �= 0, we define sα ∈ GL(h∗) by

sα(γ) = γ − 2(α, γ)g
(α, α)g

α

for γ ∈ h∗. The Weyl group W of g is the subgroup of GL(h∗) generated by sα for α ∈ Π. 
The dot action of W on h∗ is defined by w · λ = w(λ + ρ) − ρ for w ∈ W and λ ∈ h∗.

If g is a simple Lie algebra, we denote by κ0 the g-invariant symmetric bilinear form 
on g normalized in such a way that (θ, θ) = 2, where θ ∈ Δ+ is the highest root of g and 
(· , ·) is the corresponding induced bilinear form on g∗. It easily follows that

κg = 2h∨κ0,

where h∨ denotes the dual Coxeter number of g. Besides, we denote by θs the highest 
short root of g. Then we have (θs, θs) = 2/r∨, where r∨ is the lacing number of g, i.e. 
the maximal number of edges in the Dynkin diagram of g. We also define

P∨ =
⊕
α∈Π

Zω∨
α and P∨

+ =
⊕
α∈Π

N0ω
∨
α ,
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where ω∨
α ∈ h∗ for α ∈ Π is the fundamental coweight defined by (ω∨

α , γ) = δα,γ for all 
γ ∈ Π. We call P∨ the coweight lattice.

The standard Borel subalgebra b of g is defined through b = h ⊕ n with the nilradical 
n and the opposite nilradical sn given by

n =
⊕

α∈Δ+

gα and sn =
⊕

α∈Δ+

g−α.

In addition, we have the corresponding triangular decomposition

g = sn⊕ h⊕ n

of the Lie algebra g.
For a subset Σ of Π we denote by ΔΣ the root subsystem in h∗ generated by Σ. The 

standard parabolic subalgebra pΣ of g associated to Σ is defined as pΣ = lΣ ⊕suΣ, where 
the nilradical uΣ, the opposite nilradical suΣ and the Levi subalgebra lΣ are given by

uΣ =
⊕

α∈Δ+\ΔΣ

gα, lΣ = h⊕
⊕

α∈ΔΣ

gα, suΣ =
⊕

α∈Δ+\ΔΣ

g−α.

We have also the corresponding triangular decomposition g = suΣ ⊕ lΣ ⊕ uΣ of the Lie 
algebra g.

We say that a g-module M is a weight g-module if h is diagonalizable on M . For 
λ ∈ h∗, the vector subspace

Mλ = {v ∈ M ; (∀h ∈ h) (h− λ(h))v = 0}

of M is called the weight subspace with weight λ provided Mλ �= {0}. The dimension of 
Mλ is the multiplicity of the weight λ. For a weight g-module M , we have M = ⊕λ∈hMλ.

Let p = l ⊕ u be a parabolic subalgebra of g and let E a be a simple weight l-module. 
Then the induced g-module Mg

p (E) is defined by

Mg
p (E) = U(g) ⊗U(p)E,

where E is considered as the p-module on which u acts trivially. In addition, we denote 
by Lg

p(E) the unique simple quotient of Mg
p (E). If E is a simple finite-dimensional l-

module with highest weight λ ∈ h∗, we denote by Mg
p (λ) the generalized Verma module 

Mg
p (E) and by Lg

p(λ) its unique simple quotient.
A weight g-module M is torsion free if for any weight subspace Mλ and any root α, 

a nonzero root vector a ∈ gα defines an isomorphism between Mλ and Mλ+α. Further, 
a weight g-module M is cuspidal if M is a finitely generated torsion free g-module with 
finite weight multiplicities.
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1.2. Simple affine vertex algebras

Let g be a simple Lie algebra and κ be a g-invariant symmetric bilinear form on g. 
Since g is a simple Lie algebra, we have κ = kκ0 for some k ∈ C. The affine Kac–Moody 
algebra ĝκ of level κ associated to g is the 1-dimensional universal central extension 
ĝκ = g( (t) ) ⊕ Cc of the formal loop algebra g( (t) ) = g ⊗C C( (t) ) with the commutation 
relations

[a⊗ f(t), b⊗ g(t)] = [a, b] ⊗ f(t)g(t) − κ(a, b) Rest=0(f(t)dg(t))c (1.1)

for a, b ∈ g and f(t), g(t) ∈ C( (t) ), where c is the central element of ĝκ. By introducing 
the notation an = a ⊗ tn for a ∈ g and n ∈ Z, the commutation relations (1.1) can be 
simplified into the form

[am, bn] = [a, b]m+n + mκ(a, b)δm,−nc (1.2)

for m, n ∈ Z and a, b ∈ g. As h is a Cartan subalgebra of g, we introduce a Cartan 
subalgebra ĥ of ĝκ by

ĥ = h⊗C C1 ⊕Cc.

For λ ∈ ĥ∗, we define its integral root system Δ̂(λ) by

Δ̂(λ) = {α ∈ Δ̂re; 〈λ + ρ̂, α∨〉 ∈ Z},

where ρ̂ = ρ + h∨Λ0. Further, let Δ̂(λ)+ = Δ̂(λ) ∩ Δ̂re
+ be the set of positive roots of 

Δ̂(λ) and Π̂(λ) ⊂ Δ̂(λ)+ be the set of simple roots. Then we say that a weight λ ∈ ĥ∗ is 
admissible ([27]) provided

i) λ is regular dominant, that is 〈λ + ρ̂, α∨〉 /∈ −N0 for all α ∈ Δ̂re
+ ;

ii) the Q-span of Δ̂(λ) contains Δ̂re.

In particular, if λ = kΛ0 with k ∈ C is admissible, then k is usually called an admissible 
number. Admissible numbers were described in [27,28] as follows. A number k ∈ C is 
admissible if and only if

k + h∨ = p

q
with p, q ∈ N, (p, q) = 1, p ≥

{
h∨ if (r∨, q) = 1,
h if (r∨, q) = r∨,

where r∨ is the lacing number of g, i.e. the maximal number of edges in the Dynkin 
diagram of the Lie algebra g. In this case we have Π̂(kΛ0) = {α̇0, α1, . . . , α�}, where
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α̇0 =
{
−θ + qδ if (r∨, q) = 1,
−θs + q

r∨ δ if (r∨, q) = r∨

and 
 = rank g. Since the admissibility of a number k ∈ C depends only on g, we shall 
say that k is an admissible number for g.

Let k ∈ Q be an admissible number for g and let κ = kκ0. We denote by Vκ(g) the 
universal affine vertex algebra associated to the affine Kac–Moody algebra ĝκ, we have

Vκ(g) = U(ĝκ) ⊗U(g[[t]]⊕Cc) Cvκ,

where g[[t]]vκ = 0 and cvκ = vκ. The simple affine vertex algebra Lκ(g) associated to 
ĝκ is the unique simple graded quotient of Vκ(g). If we denote by A(Lκ(g)) the Zhu’s 
algebra of Lκ(g), then there is a one-to-one correspondence between simple positive 
energy Lκ(g)-modules and simple A(Lκ(g))-modules, see [31].

For a g-module E, let us consider the induced ĝκ-module

Mκ,g(E) = U(ĝκ) ⊗U(g[[t]]⊕Cc) E,

where E is considered as the g[[t]] ⊕Cc-module on which g ⊗C tC[[t]] acts trivially and 
c acts as the identity. Since Mκ,g(E) has a unique maximal ĝκ-submodule having zero 
intersection with E, we denote by Lκ,g(E) the corresponding quotient. We say that a 
g-module E is admissible of level k if Lκ,g(E) is an Lκ(g)-module, or equivalently if E
is an A(Lκ(g))-module. As we have A(Lκ(g)) � U(g)/Ik, where Ik is a two-sided ideal 
of U(g), we obtain that a g-module E is admissible of level k if and only if the ideal Ik
is contained in the annihilator AnnU(g)E.

Admissible simple highest weight g-modules of level k were classified in [9] as follows. 
Let us denote by Prk the set of admissible weights λ ∈ ĥ∗ of level k such that there is an 
element y ∈ W̃ of the extended affine Weyl group W̃ of g satisfying Δ̂(λ) = y(Δ̂(kΛ0)). 
Besides, let us introduce the subset

ĎPrk = {λ ∈ h∗; λ + kΛ0 ∈ Prk}

of h∗, which is the canonical projection of Prk to h∗. Then we have the following state-
ment.

Theorem 1.1. [9] Let k ∈ Q be an admissible number for g. Then the simple highest 
weight g-module Lg

b
(λ) with highest weight λ ∈ h∗ is admissible of level k if and only if 

λ ∈ ĎPrk.

Hence, the main difficulty in the classification of admissible simple highest weight 
g-modules consists in an explicit description of the set ĎPrk for an admissible number k
of g which will be our next goal.
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1.3. Primitive ideals and nilpotent orbits

1.3.1. Joseph’s associated variety
Let us consider a semisimple Lie algebra g. We denote by

U(g)h = {a ∈ U(g); ad(h)(a) = 0 for all h ∈ h}

the centralizer of h in U(g) and by

Υ: U(g)h → U(h)

the restriction of the projection U(g) = U(h) ⊕ (snU(g) + U(g)n) → U(h) to U(g)h. It is 
known that Υ is an algebra homomorphism. Let us note that the algebra homomorphism 
χλ : Z(g) → C with λ ∈ h∗ defined by

χλ(z) = Υ(z)(λ)

for z ∈ Z(g) is the central character of Mg

b
(λ) and Lg

b
(λ).

Further, let us consider the PBW filtration on the universal enveloping algebra U(g)
of g and the associated graded algebra grU(g) � S(g) � C[g∗]. The associated variety
V(I) of a left ideal I of U(g) is defined as the zero locus in g∗ of the associated graded 
ideal gr I of S(g). We have

V(I) = Specm(S(g)/gr I) = Specm(S(g)/
√

gr I), (1.3)

where 
√

gr I denotes the radical of gr I. For λ ∈ h∗, we denote by

Jλ = AnnU(g)L
g

b
(λ)

a primitive ideal of U(g). A theorem of Duflo [15] states that for any primitive ideal I
of U(g) there exists λ ∈ h∗ such that I = Jλ. This implies that a simple g-module E is 
admissible of level k if and only if AnnU(g)E = Jλ for some λ ∈ ĎPrk.

Proposition 1.2. [14, Section 8.5.8] Let λ ∈ h∗ be a dominant weight. Then Jλ is the 
unique maximal two-sided ideal of U(g) containing U(g) kerχλ.

Let us note that if Jμ ⊂ Jλ for λ, μ ∈ h∗, then necessarily μ ∈ W · λ. The oppo-
site implication is given by the following statement, which is an easy consequence of 
Proposition 1.2.

Proposition 1.3. Let λ, μ ∈ h∗ be dominant weights. Then Jλ = Jμ if and only if μ ∈ W·λ.

We have the following statement.
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Lemma 1.4. Let k ∈ Q be an admissible number for g. Further, let λ ∈ ĎPrk and μ ∈ W·λ. 
Then we have μ ∈ ĎPrk if and only if μ is a dominant weight.

Proof. If μ ∈ ĎPrk, then by definition the weight μ is dominant. On the other hand, if μ
is dominant and μ ∈ W · λ, then by Proposition 1.3 we obtain that Jλ = Jμ, since λ is 
also dominant. This gives us μ ∈ ĎPrk. �

For a weight λ ∈ h∗, we introduce subsets Wλ and Wλ of W by

Wλ = {w ∈ W ; Δ+ ∩ w(−Δ+) ⊂ Δ+ \ Δ(λ)} and Wλ = 〈sα; α ∈ Δ(λ)〉,

where Δ(λ) = {α ∈ Δ; 〈λ + ρ, α∨〉 ∈ Z} is the integral root system of λ. Obviously, the 
set Wλ is the Weyl group associated to the integral root system Δ(λ). Let us note that 
Wλ and Wλ depend only on Δ(λ) not on λ itself. We will be mainly interested in the 
case when the integral root system Δ(λ) is generated by a subset of Π.

Lemma 1.5. Let k ∈ Q be an admissible number for g. Further, let λ ∈ ĎPrk and μ ∈ W·λ. 
Then we have μ ∈ ĎPrk if and only if μ = w−1 · λ for some element w ∈ Wλ.

Proof. By Lemma 1.4 we know that μ ∈ ĎPrk if and only if μ is a dominant weight. 
Hence, we need to show that μ is dominant if and only if μ = w−1 · λ for some element 
w ∈ Wλ. By the assumption we have that μ = w−1 · λ for some w ∈ W . We may write

〈μ + ρ, α∨〉 = 〈w−1(λ + ρ), α∨〉 = 〈λ + ρ,w(α)∨〉

for α ∈ Δ+. Therefore, the condition that μ is dominant is equivalent to

〈λ + ρ, β∨〉 /∈ −N for β ∈ Δ+ ∩ w(Δ+) and 〈λ + ρ, β∨〉 /∈ N for β ∈ Δ+ ∩ w(−Δ+).

However, the first condition is always satisfied since λ is dominant. On the other hand, 
the second condition is satisfied if and only if Δ+ ∩ w(−Δ+) ⊂ Δ+ \ Δ(λ), or in other 
words if and only if w ∈ Wλ. �

Let p be a standard parabolic subalgebra of g associated to a subset Σ of Π. We set

ĎPrk(p) = {λ ∈ ĎPrk; Δ(λ) = ΔΣ}, (1.4)

where ΔΣ is the root subsystem of Δ generated by Σ. Then by [23] we have that Lg

b
(λ) �

Mg
p (λ) for λ ∈ ĎPrk(p). Further, since the subsets Wλ and Wλ of W for λ ∈ h∗ satisfying 

Δ(λ) = ΔΣ depend only on Σ, we shall denote them by W p and Wp, respectively. The 
subgroup Wp of W we may identify with the Weyl group of the Levi subalgebra l of p. 
The set W p is the set of minimal length coset representatives of Wp\W . In the literature, 
the set W p is often characterized in different equivalent ways. In fact, for w ∈ W , we 
have that the following statements are equivalent:
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i) Δ+ ∩ w(−Δ+) ⊂ Δ+ \ ΔΣ;
ii) w−1(Δ+ ∩ ΔΣ) ⊂ Δ+;
iii) 〈w(ρ), α∨〉 ∈ N for all α ∈ Δ+ ∩ ΔΣ;
iv) 
(sαw) = 
(w) + 1 for all α ∈ Σ.

The elements of W p can be determined by using the following observation, see [12, 
Proposition 3.2.16].

Proposition 1.6. The mapping w �→ w−1(ρp) restricts to a bijection between W p and the 
orbit of ρp under W , where ρp =

∑
α∈Π\Σ ωα.

The following statement is clear.

Lemma 1.7. Let p be a standard parabolic subalgebra of g and k ∈ Q be an admissible 
number for g. Furthermore, let λ ∈ ĎPrk(p) and μ ∈ W · λ. Then μ ∈ ĎPrk if and only if 
μ = w−1 · λ for some element w ∈ W p.

1.3.2. Nilpotent orbits
Let G be a complex connected semisimple algebraic group with its Lie algebra g. We 

denote by N (g) the nilpotent cone of g, i.e. the set of nilpotent elements of g. It is an 
irreducible closed algebraic subvariety of g and a finite union of G-orbits. There is a 
unique nilpotent orbit of g, denoted by Oprin and called the principal nilpotent orbit of 
g, which is a dense open subset of N (g). Next, since g is simple, there exists a unique 
nilpotent orbit of g that is a dense open subset of N (g) \ Oprin, denoted by Osubreg and 
called the subregular nilpotent orbit of g. Besides, there is a unique nonzero nilpotent 
orbit of g of minimal dimension, denoted by Omin and called the minimal nilpotent orbit
of g, such that it is contained in the closure of all nonzero nilpotent orbits of g. By 
Ozero we denote the zero nilpotent orbit of g. For the dimension of these distinguished 
nilpotent orbits of g see Fig. 1.

If I is a two-sided ideal of g, then I and gr I are invariant under the adjoint action 
of G. Consequently, the associated variety is a union of G-orbits of g∗. As the Cartan–
Killing form κg is a g-invariant symmetric bilinear form on g, it provides a one-to-one 
correspondence between adjoint orbits of g and coadjoint orbits of g∗. For an adjoint 
orbit O of g we denote by O∗ the corresponding coadjoint orbit of g∗. In addition, for 
a primitive ideal I of U(g) the associated variety V(I) is the closure of O∗ for some 
nilpotent orbit O of g, see [24].

Definition 1.8. Let E be a g-module. We say that E belongs to a nilpotent orbit O of g
if the associated variety V(AnnU(g)E) is the closure of O∗.

Theorem 1.9. [8, Theorem 9.3] Let k ∈ Q be an admissible number for g with denomi-
nator q ∈ N. Then there exists a nilpotent orbit Oq of g such that
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Ozero

Omin

. . .

Osubreg

Oprin

0

2h∨ − 2

. . .

dim g − rank g − 2

dim g − rank g

nilpotent orbit dimension

Fig. 1. Hasse diagram of nilpotent orbits of g.

V(Ik) = ĎO∗
q

and we have

ĎOq =
{
{x ∈ g; (adx)2q = 0} if (r∨, q) = 1,
{x ∈ g; πθs(x)2q/r∨ = 0} if (r∨, q) = r∨,

where πθs : g → EndLg

b
(θs) is the simple finite-dimensional g-module with highest weight 

θs.

Let O be a nilpotent orbit of g and let k ∈ Q be an admissible number for g with 
denominator q ∈ N. We define the subset

ĎPrOk = {λ ∈ ĎPrk; V(Jλ) = ĎO∗} (1.5)

of h∗. It easily follows that a simple g-module E belonging to the nilpotent orbit O is 
admissible of level k if and only if AnnU(g)E = Jλ for some λ ∈ ĎPrOk . Moreover, as 
Ik ⊂ Jλ for λ ∈ ĎPrk, we have V(Jλ) ⊂ V(Ik) = ĎO∗

q by Theorem 1.9, which gives us a 
decomposition

ĎPrk = �
O⊂ĚOq

ĎPrOk . (1.6)

Hence, we need to describe the subset ĎPrOk of ĎPrk for a nilpotent orbit O of g.
In addition, from the decomposition (1.6) it follows immediately that the set ĎPrOprin

k

is non-empty if and only if Oprin = Oq, or equivalently if and only if

q ≥
{
h if (r∨, q) = 1,
Lh∨r∨ if (r∨, q) = r∨,
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where h is the Coxeter number of g and Lh∨ is the dual Coxeter number of the Langlands 
dual Lie algebra Lg of g (see [3]).

1.3.3. Richardson orbits
For x ∈ g, we denote by gx the centralizer of x in g. Besides, for a subset X of g we 

define the set

Xreg = {x ∈ X; dim gx = miny∈X dim gy}

and call it the set of regular elements in X.

Theorem 1.10. [10, Corollary 4.7] Let p be a standard parabolic subalgebra of g. Then 
for a weight λ ∈ Λ+(p) the associated variety V(AnnU(g)M

g
p (λ)) is the closure of the 

nilpotent orbit O∗
p of g∗, where

Op = (G.p⊥)reg

and p⊥ is the orthogonal complement of p with respect to the Cartan–Killing form κg. 
In particular, we have

ĎOp = G.p⊥

and the associated variety V(AnnU(g)M
g
p (λ)) is irreducible. The nilpotent orbit Op is the

Richardson orbit attached to p.

Let us recall that when two parabolic subalgebras p1 and p2 of g have conjugate Levi 
subalgebras, the corresponding Richardson orbits Op1 and Op2 are exactly the same. 
Moreover, if p1 and p2 are the standard parabolic subalgebras associated to subsets Σ1
and Σ2 of Π, then the Richardson orbits Op1 and Op2 coincide if and only if the root 
subsystems ΔΣ1 and ΔΣ2 of Δ are conjugate by an element of the Weyl group W of g. 
Therefore, we may introduce an equivalence relation on the set of all standard parabolic 
subalgebras of g by

p1 ∼ p2 ⇐⇒ there exits w ∈ W such that ΔΣ1 = w(ΔΣ2).

For a standard parabolic subalgebra p of g, we shall denote by [p] the corresponding 
equivalence class.

2. Admissible highest weight modules for sln+1

Let us consider the simple Lie algebra g = sln+1 for n ∈ N and let k ∈ Q be 
an admissible number for g with denominator q ∈ N. In this section we refine the 
classification of highest weight modules over the simple affine vertex algebra Lκ(g) of 
admissible level κ = kκ0.
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2.1. Explicit description of admissible highest weights

The nilpotent orbits of g are parameterized by the set Pn+1 of partitions of n +1. We 
denote by Oλ the nilpotent orbit of g corresponding to a partition λ ∈ Pn+1. By [11, 
Corollary 7.2.4] the dimension of Oλ is given by

dimOλ = (n + 1)2 −
r∑

i=1
(λt

i)2,

where λt is the transpose partition of λ and r = 
(λt) is the length of λt. Besides, ∑r
i=1(λt

i)2−1 is the dimension of ge for e ∈ Oλ and so we have dimOλ = dim g −dim ge.
For a partition λ = [λ1, λ2, . . . , λr] ∈ Pn+1, we denote by pλ the standard parabolic 

subalgebra of g associated to the subset

Σλ = {α1, . . . , αλ1−1, αλ1+1, . . . , αλ1+λ2−1, . . . , αλ1+λ2+···+λr−1+1, . . . , αλ1+λ2+···+λr−1}

of Π = {α1, α2, . . . , αn}. In fact, we can define pλ in a more elegant way as follows. Let 
V = Cn+1 be the standard representation of g and let {e1, e2, . . . , en+1} be the canonical 
basis of V . We define a partial flag (V0, V1, V2, . . . , Vr) in V by setting

Vi =
si⊕

k=1

Cek with si =
i∑

j=1
λj

for i = 1, 2, . . . , r and V0 = 0. Then one checks easily that

pλ = {a ∈ g; a(Vi) ⊂ Vi for i = 1, 2, . . . , r}.

The Richardson orbit Opλ
attached to pλ is the nilpotent orbit Oλt , see [11, Theorem 

7.2.3]. This has an important consequence that every nilpotent orbit of g is a Richardson 
orbit.

The nilpotent orbit Oq from Theorem 1.9 is given by

Oq = Oλq
,

where λq ∈ Pn+1 is the partition defined through λq = [qr, s], where n + 1 = qr+ s with 
r, s ∈ N0 and 0 ≤ s ≤ q − 1. Hence, we immediately get that

Oq =

⎧⎪⎪⎨⎪⎪⎩
Oprin = O[n+1] if q ≥ n + 1,
Osubreg = O[n,1] if q = n,

Ozero = O[1n+1] if q = 1

for n ≥ 1. Let us introduce the subset
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Prk,Z = {λ ∈ Prk; 〈λ, α∨〉 ∈ Z for α ∈ Π}

of admissible weights of level k. Then by [27] we have

Prk,Z = {λ ∈ ĥ∗; λ(c) = k, 〈λ, α∨〉 ∈ N0 for α ∈ Π, 〈λ, θ∨〉 ≤ p− n− 1},

where p = (k + n + 1)q. Further, from [27] we get that

Prk =
⋃

y∈W̃ ,

y(Δ̂(kΛ0)+)⊂Δ̂re
+

Prk,y, Prk,y = {y · λ; λ ∈ Prk,Z},

where the extended affine Weyl group W̃ of g is defined as W̃ = W � P∨. For η ∈ P∨, 
we denote by tη the corresponding element of the group W̃ . The action of tη on h̃∗ is 
given by

tη(λ) = λ + (λ, δ)η −
(

(η, η)
2 (λ, δ) + (λ, η)

)
δ

for λ ∈ h̃∗. For y, y′ ∈ W̃ satisfying y(Δ̂(kΛ0)+) ⊂ Δ̂re
+ , y′(Δ̂(kΛ0)+) ⊂ Δ̂re

+ and y′ �= y

we have

Prk,y ∩ Prk,y′ �= ∅ ⇐⇒ Prk,y = Prk,y′ ⇐⇒ y′ = ytqωj
wj (2.1)

for some j ∈ {1, 2, . . . , n}, where wj is the unique element of the Weyl group W of g
preserving the set {α1, α2, . . . , αn, −θ} and satisfying wj(−θ) = αj . Let us note that wj

for j = 1, 2, . . . , n gives rise to an automorphism of the extended Dynkin diagram of g. 
We denote by W+ the subgroup of W generated by the elements w1, w2, . . . , wn.

Lemma 2.1. We have

i) w1 = s1s2 · · · sn;
ii) w1(αi) = αi+1 for i = 1, 2, . . . , n − 1, w1(αn) = −θ, and w1(−θ) = α1;
iii) wj = wj

1 for j = 1, 2, . . . , n;
iv) wn+1

1 = e;
v) W+ = {e, w1, w2, . . . , wn};
vi) wj

(∑n
i=1λiωi

)
=

∑j−1
i=1λn+1+i−jωi−

(∑n
i=1λi

)
ωj+

∑n
i=j+1λi−jωi for j = 1, 2, . . . , n, 

where λ1, λ2, . . . , λn ∈ C.

Proof. Let us denote w = s1s2 · · · sn. To prove (i) and (iii) we only need to verify 
that the element wj for j ∈ {1, 2, . . . , n} satisfies wj(−θ) = αj and preserves the set 
{α1, α2, . . . , αn, −θ}, since wj is uniquely determined by these two conditions. The rest 
of the statements is a straightforward computation. We left the details to the reader. �
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Let us recall that an element w ∈ W is called a Coxeter element if a reduced expression 
of w contains every simple reflection exactly once. Hence, by Lemma 2.1 we see that w1
and wn are Coxeter elements. The order of a Coxeter element is the Coxeter number h
of g, i.e. we have h = n + 1.

On the set of all standard parabolic subalgebras of g we introduce another equivalence 
relation given by

p1 ∼+ p2 ⇐⇒ there exits w ∈ W+ such that Σp1 = w(Σp2).

For a standard parabolic subalgebra p of g, we shall denote by [p]+ the corresponding 
equivalence class. Obviously, we have that [q]+ ⊂ [p] for any q ∈ [p]. Besides, we assign 
to p a subgroup W p

+ of W+ defined by

W p
+ = {w ∈ W+; w(Σp) = Σp}.

Let us note that we have W b
+ = W+ and W g

+ = {e}.
Since the dot action of the Weyl group W on h∗ gives rise to an equivalence relation 

on h∗, we may define an equivalence relation on ĎPrk for an admissible number k of g by

λ ∼ μ ⇐⇒ there exits w ∈ W such that μ = w · λ

and set

[ĎPrk] = ĎPrk/∼ .

Moreover, if λ, μ ∈ ĎPrk then Jλ = Jμ if and only if there exists w ∈ W such that μ = w·λ, 
which is a consequence of Proposition 1.3. By using this fact together with (1.6) we get 
a decomposition

[ĎPrk] = �
O⊂ĚOq

[ĎPrOk ], (2.2)

where [ĎPrOk ] is the image of ĎPrOk in [ĎPrk]. Let us recall that by [3, Proposition 2.8] we 
have

[ĎPrk] =
⋃

η∈P∨
+ ,

(η,θ)≤q−1

[ĎPrk,t−η
],

where P∨
+ is the set of dominant coweights of g. Further, for a standard parabolic sub-

algebra p of g, we define a subset Λk(p) of ĎPrk by

Λk(p) =
⋃

η∈P∨
+ ,

(η,θ)≤q−1,Πη=Σp

ĎPrk,t−η
,
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where Πη = {α ∈ Π; (η, α) = 0}, which enables us to write

[ĎPrk] =
⋃

Σ⊂Π
[Λk(pΣ)]. (2.3)

As we have ĎPrk,t−η
= {λ − (k + n + 1)η; λ ∈ ĎPrk,Z} for η ∈ P∨

+ satisfying (η, θ) ≤ q − 1, 
we get

Λk(p) = {λ− (k + n + 1)η; λ ∈ ĎPrk,Z, η ∈ P∨
+ , (η, θ) ≤ q − 1, Πη = Σp}. (2.4)

Moreover, for a weight λ ∈ Λk(p) we have Δ(λ) = ΔΣp
, which by (1.4) gives us 

Λk(p) ⊂ ĎPrk(p). By [23] we get that Mg
p (λ) � Lg

b
(λ) for λ ∈ ĎPrk(p), which together 

with Theorem 1.10 implies an inclusion ĎPrk(p) ⊂ ĎPrOp

k . Hence, by using these facts and 
by the decomposition (2.3) we may write

[ĎPrOk ] =
⋃

Σ⊂Π,O=OpΣ

[Λk(pΣ)]. (2.5)

Let us note that nilpotent orbits of g are usually parameterize by partitions of n +1. We 
have the following statement.

Proposition 2.2. Let Oλ be the nilpotent orbit of g given by a partition λ ∈ Pn+1. Then 
we have

[ĎPrOλ

k ] =
⋃

p∈[pλt ]

[Λk(p)],

where λt is the transpose partition of λ.

Proof. By results of Section 1.3.3, the nilpotent orbit Oλ is equal to Opλt . Besides, we 
know that Op1 = Op2 for standard parabolic subalgebras p1 and p2 of g if and only if 
p1 ∼ p2. The statement then follows easily from (2.5). �
Lemma 2.3. Let y ∈ W and η ∈ P∨. Then the condition yt−η(Δ̂(kΛ0)+) ⊂ Δ̂re

+ is 
equivalent to

0 ≤ (η, α) ≤ q − 1 if y(α) ∈ Δ+ and 1 ≤ (η, α) ≤ q if y(α) ∈ Δ−

for all α ∈ Δ+. Moreover, if η ∈ P∨
+ satisfies (η, θ) ≤ q − 1, then yt−η(Δ̂(kΛ0)+) ⊂ Δ̂re

+
for y ∈ W if and only if y−1 ∈ W pΣ with Σ = {α ∈ Π; (η, α) = 0}.

Proof. The first part of the statement follows from the fact that Π̂(kΛ0) = {−θ +
qδ, α1, . . . , αn} and that
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yt−η(α) = y(α) + (η, α)δ and yt−η(−α + qδ) = −y(α) + (q − (η, α))δ

for α ∈ Δ+.
Now, let y ∈ W and let η ∈ P∨

+ satisfy (η, θ) ≤ q − 1. Then we have that 
yt−η(Δ̂(kΛ0)+) ⊂ Δ̂re

+ is equivalent to (η, α) ≥ 1 for all α ∈ Δ+ ∩ y−1(Δ−) by 
the first part of the statement. However, this condition is satisfied if and only if 
Δ+ ∩ y−1(Δ−) ⊂ Δ+ \ ΔΣ, where Σ = {α ∈ Π; (η, α) = 0}, which in other words 
means that y−1 ∈ W pΣ . �
Lemma 2.4. Let p be a standard parabolic subalgebra of g and let j ∈ {1, 2, . . . , n}. Then 
we have wj ∈ W p if and only if αj /∈ Σp. Moreover, the elements of W p

+ preserve the set 
W p with respect to the left multiplication.

Proof. Let us assume that αj /∈ Σp. Let α ∈ Δ+∩wj(Δ−). Then there exists β ∈ Δ+ such 
that α = −wj(β). Moreover, we have β =

∑n
i=1aiαi with ai ∈ {0, 1} for i = 1, 2, . . . , n. 

Further, by Lemma 2.1 we may write

α = −wj(β) = −
n−j∑
i=1

aiwj(αi) − an+1−jwj(αn+1−j) −
n∑

i=n+2−j

aiwj(αi)

= an+1−jθ −
n−j∑
i=1

aiαi+j −
j−1∑
i=1

an+1−j+iαi,

which gives us an+1−j = 1. As αj /∈ Σp, we get α ∈ Δ+ \ ΔΣp
. Therefore, we have 

Δ+ ∩ wj(Δ−) ⊂ Δ+\ ΔΣp
, which by definition means that wj ∈ W p.

On the other hand, let us assume that wj ∈ W p. Then have Δ+∩wj(Δ−) ⊂ Δ+\ΔΣp
. 

It is enough to show that αj ∈ Δ+ ∩ wj(Δ−). But we have αj = wj(−θ) which implies 
the statement.

Let wj ∈ W p
+ for j ∈ {1, 2, . . . , n}. Since wj(Σp) = Σp, we get that αj , αn+1−j /∈ Σp. 

Let us assume that w ∈ W p. We need to show that Δ+ ∩ wjw(Δ−) ⊂ Δ+ \ ΔΣp
. If 

α ∈ Δ+ ∩wjw(Δ−), then there exists β ∈ Δ+ such that α = −wjw(β). Hence, by using 
Lemma 2.1 we may write

−w(β) = wn+1−j(α) =
j−1∑
i=1

aiαn+1−j+i − ajθ +
n∑

i=j+1
aiαi−j ,

where α =
∑n

i=1aiαi with ai ∈ {0, 1} for i = 1, 2, . . . , n. If aj = 1 or an+1−j = 1, then we 
have α ∈ Δ+ \ΔΣp

since αj , αn+1−j /∈ Σp. On the other hand, if aj = an+1−j = 0, then 
−w(β) ∈ Δ+, which implies −w(β) ∈ Δ+ \ΔΣp

since w ∈ W p. As we have wj(Σp) = Σp

and α = −wjw(β), we get α ∈ Δ+ \ ΔΣp
. This finishes the proof. �

By the previous lemma we may introduce an equivalence relation on the set W p in 
such a way that the equivalence classes coincide with the orbits of W p

+ on W p.
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Lemma 2.5. Let p be a standard parabolic subalgebra of g. Then ĎPrk ∩w−1 ·Λk(p) �= ∅ if 
and only if w ∈ W p. Moreover, if w ∈ W p then w−1 · Λk(p) ⊂ ĎPrk.

Proof. Since we have Λk(p) ⊂ ĎPrk, by Lemma 1.7 we get that w−1 ·λ ∈ ĎPrk for λ ∈ Λk(p)
if and only if w ∈ W p, which implies the required statement. �
Lemma 2.6. Let p1, p2 be standard parabolic subalgebras of g. Further, let y1, y2 ∈ W

satisfy y1 · Λk(p1) ⊂ ĎPrk, y2 · Λk(p2) ⊂ ĎPrk and y1 �= y2. Then the following statements

i) y1 · Λk(p1) ∩ y2 · Λk(p2) �= ∅;
ii) y1 · Λk(p1) = y2 · Λk(p2);
iii) there exists j ∈ {1, 2, . . . , n} such that y2 = y1wj and Σp1 = wj(Σp2)

are equivalent. In addition, if Λk(p1) ∩ Λk(p2) �= ∅ then p1 = p2.

Proof. We will prove the implications (iii) =⇒ (ii) =⇒ (i) =⇒ (iii).
Let us assume that there exists j ∈ {1, 2, . . . , n} such that y2 = y1wj and Σp1 =

wj(Σp2). By Lemma 2.4 we have w−1
j ∈ W p2 , which means that wj · Λk(p2) ⊂ ĎPrk. 

Let η ∈ P∨
+ satisfy (η, θ) ≤ q − 1 and Πη = Σp1 . By definition of Λk(p1) we have 

ĎPrk,t−η
⊂ Λk(p1). Further, we set η′ = w−1

j (η− qωj). By using Lemma 2.1 we may write

η′ = wn+1−j(η − qωj) =
n−j∑
i=1

ai+jωi +
(
q −

n∑
i=1

ai

)
ωn+1−j +

n∑
i=n+2−j

ai+j−n−1ωi,

where η =
∑n

i=1aiωi. Since η ∈ P∨
+ and (η, θ) ≤ q − 1 by the assumption, we have also 

η′ ∈ P∨
+ . Besides, as wj(−θ) = αj and Σp1 = wj(Σp2), we get αj /∈ Σp1 which gives 

us aj �= 0. Thus, we have (η′, θ) = q − aj ≤ q − 1. Further, we see that Πη′ = Σp2 , 
which implies ĎPrk,t−η′ ⊂ Λk(p2). By Lemma 2.3 we have t−η(Δ̂(kΛ0)+) ⊂ Δ̂re

+ and 
wjt−η′(Δ̂(kΛ0)+) ⊂ Δ̂re

+ , hence we may write

ĎPrk,t−η
= ĎPrk,wjt−η′ = wj · ĎPrk,t−η′ ⊂ wj · Λk(p2),

where we used (2.1) in the first equality, and thus Λk(p1) ⊂ wj · Λk(p2). By the same 
argument we obtain the opposite inclusion. Therefore, we have Λk(p1) = wj · Λk(p2), 
which immediately implies y1 ·Λk(p1) = y2 ·Λk(p2). This proves the first implication (iii) 
=⇒ (ii).

Let us assume that y1·Λk(p1) ∩y2·Λk(p2) �= ∅, which is the same as Λk(p1) ∩w·Λk(p2) �=
∅ with w = y−1

1 y2. As we have ĎPrk ∩ w · Λk(p2) �= ∅, by Lemma 2.5 we obtain that 
w−1 ∈ W p2 . Hence, there exist η, η′ ∈ P∨

+ satisfying Πη = Σp1 , Πη′ = Σp2 , (η, θ) ≤ q−1, 
(η′, θ) ≤ q − 1 such that ĎPrk,t−η

= ĎPrkwt−η′ , which gives us wt−η′ = t−ηtqωj
wj for some 

j ∈ {1, 2, . . . , n}. Therefore, we have w = wj and η′ = w−1
j (η − qωj). Further, by using 

Lemma 2.1 we may write
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η′ = wn+1−j(η − qωj) =
n−j∑
i=1

ai+jωi +
(
q −

n∑
i=1

ai

)
ωn+1−j +

n∑
i=n+2−j

ai+j−n−1ωi,

where η =
∑n

i=1aiωi. As we have (η′, θ) = q − aj ≤ q − 1, we obtain that aj �= 0. 
Then it follows immediately that Σp1 = Πη = wj(Πη′) = wj(Σp2). This proves the last 
implication (i) =⇒ (iii). The implication (ii) =⇒ (i) is obvious. �
Lemma 2.7. Let p1, p2 be standard parabolic subalgebras of g. Then the statements

i) [Λk(p1)] ∩ [Λk(p2)] �= ∅;
ii) [Λk(p1)] = [Λk(p2)];
iii) p1 ∼+ p2

are equivalent.

Proof. We may assume that the parabolic subalgebras p1 and p2 are distinct, otherwise 
the statement is trivial. We will prove the implications (iii) =⇒ (ii) =⇒ (i) =⇒ (iii).

If we have p1 ∼+ p2, then there exists j ∈ {1, 2, . . . , n} such that Σp1 = wj(Σp2). 
Hence, by Lemma 2.6 we have Λk(p1) = wj ·Λk(p2), which gives us [Λk(p1)] = [Λk(p2)]. 
This proves the first implication (iii) =⇒ (ii).

Further, let us assume that [Λk(p1)] ∩ [Λk(p2)] �= ∅. Then there exist y1, y2 ∈ W

satisfying y1 · Λk(p1) ⊂ ĎPrk, y2 · Λk(p2) ⊂ ĎPrk and y1 · Λk(p1) ∩ y2 · Λk(p2) �= ∅. By 
Lemma 2.6 we get that p1 ∼+ p2. This proves the implication (i) =⇒ (iii). We are done 
since the implication (ii) =⇒ (i) is obvious. �

The following statement is the main theorem of this section.

Theorem 2.8. Let Oλ be the nilpotent orbit of g given by a partition λ ∈ Pn+1. Then we 
have

ĎPrOλ

k = �
[p]+∈[pλt ]/∼+

�
[w]∈Wp

+\Wp

w−1 · Λk(p),

where W p
+\W p denotes the set of orbits of W p

+ on W p.

Proof. By using Proposition 2.2 and Lemma 2.7 we may write

[ĎPrOλ

k ] =
⋃

p∈[pλt ]

[Λk(p)] = �
[p]+∈[pλt ]/∼+

[Λk(p)].

Further, by Lemma 2.5 we have

ĎPrOλ

k = �
[p]+∈[pλt ]/∼+

⋃
w∈Wp

w−1 · Λk(p).
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As by Lemma 2.6 we have w−1
1 · Λk(p) = w−1

2 · Λk(p) for w1, w2 ∈ W p if only if there 
exists w ∈ W p

+ such that w2 = ww1, we immediately get the required statement. �
On two concrete examples we show how to determine the set ĎPrOk for a nilpotent orbit 

O of g by using Theorem 2.8.

Example. Let us start with g = sl6 and O = O[4,2]. The nilpotent orbit O is the Richard-
son orbit attached to the standard parabolic subalgebra p[2,2,1,1] = with the 
corresponding equivalence class given by

[p[2,2,1,1]] = { , , , , , }.

Further, we have

w1−−→ w1−−→ w2−−→ w2−−→

and

w1−−→ w2−−→

which gives us that [p[2,2,1,1]] decomposes into two equivalence classes with respect to 
the equivalence relation ∼+, i.e. we obtain

[p1]+ = { , , , },
[p2]+ = { , },

where p1 = and p2 = . Besides, we see that

W p1
+ = {e} and W p2

+ = {e, w3}.

Therefore, by Theorem 2.8 we may write

ĎPrOk = �
w∈Wp1

w−1 · Λk(p1) � �
[w]∈W

p2
+ \Wp2

w−1 · Λk(p2),

where

Λk(p1) =
{
λ− p

q
(aω2 + bω4 + cω5); λ ∈ ĎPrk,Z, a, b, c ∈ N, a + b + c ≤ q − 1

}
,

Λk(p2) =
{
λ− p

q
(aω2 + bω3 + cω5); λ ∈ ĎPrk,Z, a, b, c ∈ N, a + b + c ≤ q − 1

}
.

In addition, we can easily see that ĎPrOk is non-empty if q ≥ 4. The last step is to determine 
the sets W p1 and W p2 , which we usually describe by the corresponding Hasse diagrams. 
In fact, we do not need to know the structure of the Bruhat ordering on W p1 and W p2 .
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Example. Let now g = sl3 and O = O[3] = Oprin. The nilpotent orbit O is attached to 
the standard parabolic subalgebra p[1,1,1] = = b with the corresponding equivalence 
class given by

[p[1,1,1]] = { }.

Hence, we have

w1−−→ ,

which gives us [b]+ = { } and W b
+ = {e, w1, w2} = W+. Therefore, by Theorem 2.8

we may write

ĎPrOk = �
[w]∈Wb

+\Wb

w−1 · Λk(b),

where

Λk(b) =
{
λ− p

q
(aω1 + bω2); λ ∈ ĎPrk,Z, a, b ∈ N, a + b ≤ q − 1

}
.

Moreover, we can see that ĎPrOk is non-empty if q ≥ 3. The elements of W b we can read 
off directly from the corresponding Hasse diagram

s1

s2

s2

s1

s1

s2

as follows. The vertices of the graph represent the elements of W b. The least element is 
the unit e of W and if there is an arrow

w w′si

for w, w′ ∈ W , then we have w′ = wsi. Hence, we easily get W b = {e, s1, s2, s1s2, s2s1,

s1s2s1}. In addition, the black vertices of the graph stand for representatives of the 
equivalence classes in W b

+\W b.

2.1.1. Minimal and subregular nilpotent orbit
Let us consider the simple Lie algebra g = sln+1 with n ≥ 2 and let k ∈ Q be an 

admissible number for g with denominator q ∈ N.
The minimal nilpotent orbit Omin of g corresponds to the partition λ = [2, 1n−1] with 

the transpose partition λt = [n, 1]. Therefore, the nilpotent orbit Omin is attached to the 
standard parabolic subalgebra
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pλt =
n− 1

with the corresponding equivalence class given by

[pλt ] = {pmax
α1

, pmax
αn

},

where pmax
α for α ∈ Π is the standard parabolic subalgebra of g associated to the subset 

Σ = Π \ {α} of Π. Besides, we see that [pλt ] decomposes into one equivalence class with 
respect to the equivalence relation ∼+, i.e. we have

[pmax
α1

]+ = [pλt ]

together with W p
max
α1+ = {e}. By using Theorem 2.8 we get the following statement.

Theorem 2.9. Let k ∈ Q be an admissible number for g with denominator q ∈ N. Then 
we have

ĎPrOmin
k = �

w∈Wpmax
α1

w−1 · Λk(pmax
α1

),

where

Λk(pmax
α1

) =
{
λ− p

q
aω1; λ ∈ ĎPrk,Z, a ∈ N, a ≤ q − 1

}
and

W p
max
α1 = {e, s1, s1s2, . . . , s1s2 · · · sn}.

Moreover, the set ĎPrOmin
k is non-empty if q ≥ 2.

The subregular nilpotent orbit Osubreg of g corresponds to the partition λ = [n, 1] with 
the transpose partition λt = [2, 1n−1]. Hence, the subregular orbit Osubreg is attached to 
the standard parabolic subalgebra

pλt =
n− 1

with the corresponding equivalence class given by

[pλt ] = {pmin
α1

, pmin
α2

, . . . , pmin
αn

},

where pmin
α for α ∈ Π is the standard parabolic subalgebra of g associated to the subset 

Σ = {α} of Π. In addition, we see that [pλt ] decomposes into one equivalence class with 
respect to the equivalence relation ∼+, i.e. we have
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[pmin
αn

]+ = [pλt ]

together with W p
min
αn+ = {e}. By using Theorem 2.8 we get the following statement.

Theorem 2.10. Let k ∈ Q be an admissible number for g with denominator q ∈ N. Then 
we have

ĎPrOsubreg
k = �

w∈Wpmin
αn

w−1 · Λk(pmin
αn

),

where

Λk(pmin
αn

) =
{
λ− p

q

n−1∑
i=1

aiωi; λ ∈ ĎPrk,Z, a1, a2, . . . , an−1 ∈ N,

n−1∑
i=1

ai ≤ q − 1
}
,

and

W p
min
αn = {w ∈ W ; 
(snw) = 
(w) + 1}.

Moreover, the set ĎPrOsubreg
k is non-empty if q ≥ n.

2.1.2. Zero and principal nilpotent orbit
Let us consider the simple Lie algebra g = sln+1 with n ≥ 1 and let k ∈ Q be an 

admissible number for g with denominator q ∈ N.
The zero nilpotent orbit Ozero of g corresponds to the partition λ = [1n+1] with the 

transpose partition λt = [n + 1]. Therefore, the nilpotent orbit Ozero is attached to the 
standard parabolic subalgebra

pλt =
n

with the corresponding equivalence class [pλt ] = {g}. Hence, we have [g]+ = [pλt ], 
W g = {e} and W g

+ = {e}. By using Theorem 2.8 we get the following statement, cf. [30].

Theorem 2.11. Let k ∈ Q be an admissible number for g with denominator q ∈ N. Then 
we have

ĎPrOzero
k = Λk(g) = ĎPrk,Z.

Moreover, the set ĎPrOzero
k is always non-empty.

The principal nilpotent orbit Oprin of g corresponds to the partition λ = [n + 1] with 
the transpose partition λt = [1n+1]. Therefore, the nilpotent orbit Oprin is attached to 
the standard parabolic subalgebra
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pλt =
n

with the corresponding equivalence class [pλt ] = {b}. Hence, we have [b]+ = [pλt ], 
W b = W and W b

+ = W+. Again, by using Theorem 2.8 we get the following statement.

Theorem 2.12. Let k ∈ Q be an admissible number for g with denominator q ∈ N. Then 
we have

ĎPrOprin
k = �

[w]∈W+\W
w−1 · Λk(b),

where

Λk(b) =
{
λ− p

q

n∑
i=1

aiωi; λ ∈ ĎPrk,Z, a1, a2, . . . , an ∈ N,
n∑

i=1
ai ≤ q − 1

}
.

Moreover, the set ĎPrOprin
k is non-empty if q ≥ n + 1.

2.2. Examples

In this section we give some examples of admissible highest weights. Let us consider 
the simple Lie algebra g = sln+1 with n ≥ 1 and let k ∈ Q be an admissible number for 
g with denominator q ∈ N, i.e. we have

k + n + 1 = p

q
with p, q ∈ N, (p, q) = 1, p ≥ n + 1.

We have a decomposition

ĎPrk = �
O⊂N (g)

ĎPrOk ,

where the set ĎPrOk of admissible weights of level k belonging to a nilpotent orbit O of 
g may be empty set. In fact, we have that ĎPrOk �= ∅ if and only if O ⊂ ĎOq, where the 
nilpotent orbit Oq of g is determined by Theorem 1.9.

We focus on two possible directions for which a complete description of admissible 
weights is relatively easy. Either we can consider the Lie algebra g of low rank, i.e. 
n = 1, 2, 3, or take into consideration the level k with small denominator, i.e. q = 1, 2.

2.2.1. Lie algebra sl2
We start with the simplest and well-known case g = sl2 of admissible level k ∈ Q, i.e. 

n = 1 and

k + 2 = p

q
with p, q ∈ N, (p, q) = 1, p ≥ 2.
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O[12]

O[2]

0

2

(a) g = sl2

O[13]

O[2,1]

O[3]

0

4

6

O dim p

(b) g = sl3

O[14]

O[2,12]

O[22]

O[3,1]

O[4]

0

6

8

10

12

(c) g = sl4

Fig. 2. Richardson orbits for sln.

The Hasse diagram describing the structure of nilpotent orbits for g is given in Fig. 2a. 
Let us note that O[2] = Oprin = Omin and O[12] = Ozero = Osubreg. Therefore, we have a 
decomposition

ĎPrk = ĎPrOzero
k � ĎPrOprin

k ,

where

ĎPrOzero
k = ĎPrk,Z = {λ1ω1; λ1 ∈ N0, λ1 ≤ p− 2},

ĎPrOprin
k = Λk(b) =

{
λ− p

q
aω1; λ ∈ ĎPrk,Z, a ∈ N, a ≤ q − 1

}
.

The Hasse diagram of W p for the corresponding standard parabolic subalgebra p of g is 
given in Fig. 3. Let us note that ĎPrOprin

k is non-empty if q ≥ 2.

2.2.2. Lie algebra sl3
The next case is g = sl3 of admissible level k ∈ Q, i.e. n = 2 and

k + 3 = p

q
with p, q ∈ N, (p, q) = 1, p ≥ 3.

The Hasse diagram describing the structure of nilpotent orbits for g is given in Fig. 2b. 
Let us note that O[3] = Oprin, O[2,1] = Omin = Osubreg and O[13] = Ozero. Therefore, we 
have a decomposition

ĎPrk = ĎPrOzero
k � ĎPrOmin

k � ĎPrOprin
k ,

where
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s1

(a) Wb, g = sl2

s1 s2

(b) Wp
max
α1 , g = sl3

s1

s2

s2

s1

s1

s2

(c) Wb, g = sl3

s1 s2 s3

(d) Wp
max
α1 , g = sl4

s2
s1

s3

s3

s1

s2

(e) Wp
max
α2 , g = sl4

s1

s2

s2

s1

s3

s2

s3

s1

s3

s1

s3

s3

s1

s3

s2

(f) Wp
min
α3 , g = sl4

s1

s2

s3

s2

s3

s1

s3

s1

s2

s2

s3

s1

s3

s2

s1

s3

s1

s2

s2
s3

s3

s2

s1

s3

s1

s1

s2

s3

s2

s1

s3

s2

s1

s3

s2

s1

(g) Wb, g = sl4

Fig. 3. Hasse diagrams of Wp.
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ĎPrOzero
k = ĎPrk,Z = {λ1ω1 + λ2ω2; λ1, λ2 ∈ N0, λ1 + λ2 ≤ p− 3},

ĎPrOmin
k = Λk(pmax

α1
) ∪ s1 · Λk(pmax

α1
) ∪ s2s1 · Λk(pmax

α1
),

ĎPrOprin
k = Λk(b) ∪ s1 · Λk(b)

and

Λk(pmax
α1

) =
{
λ− p

q
aω1; λ ∈ ĎPrk,Z, a ∈ N, a ≤ q − 1

}
,

Λk(b) =
{
λ− p

q
(aω1 + bω2); λ ∈ ĎPrk,Z, a, b ∈ N, a + b ≤ q − 1

}
.

The Hasse diagram of W p for the corresponding standard parabolic subalgebra p of g is 
given in Fig. 3. Let us note that ĎPrOmin

k is non-empty if q ≥ 2 and ĎPrOprin
k is non-empty 

for q ≥ 3.

2.2.3. Lie algebra sl4
The last case is g = sl4 of admissible level k ∈ Q, i.e. n = 3 and

k + 4 = p

q
with p, q ∈ N, (p, q) = 1, p ≥ 4.

The Hasse diagram describing the structure of nilpotent orbits for g is given in Fig. 2c. 
Let us note that O[4] = Oprin, O[3,1] = Osubreg, O[22] = Orect, O[2,12] = Omin and 
O[14] = Ozero. Therefore, we have a decomposition

ĎPrk = ĎPrOzero
k � ĎPrOmin

k � ĎPrOrect
k � ĎPrOsubreg

k � ĎPrOprin
k ,

where

ĎPrOzero
k = ĎPrk,Z = {λ1ω1 + λ2ω2 + λ3ω3; λ1, λ2, λ3 ∈ N0, λ1 + λ2 + λ3 ≤ p− 4},

ĎPrOmin
k = Λk(pmax

α1
) ∪ s1 · Λk(pmax

α1
) ∪ s2s1 · Λk(pmax

α1
) ∪ s3s2s1 · Λk(pmax

α1
),

ĎPrOrect
k = Λk(pmax

α2
) ∪ s2 · Λk(pmax

α2
) ∪ s1s2 · Λk(pmax

α2
),

ĎPrOsubreg
k = Λk(pmin

α3
) ∪ s1 · Λk(pmin

α3
) ∪ s2 · Λk(pmin

α3
) ∪ s1s2 · Λk(pmin

α3
) ∪ s2s1 · Λk(pmin

α3
)

∪ s3s2 · Λk(pmin
α3

) ∪ s1s2s1 · Λk(pmin
α3

) ∪ s3s1s2 · Λk(pmin
α3

) ∪ s3s2s1 · Λk(pmin
α3

)

∪ s2s3s1s2 · Λk(pmin
α3

) ∪ s3s1s2s1 · Λk(pmin
α3

) ∪ s2s3s1s2s1 · Λk(pmin
α3

),
ĎPrOprin

k = Λk(b) ∪ s1 · Λk(b) ∪ s2 · Λk(b) ∪ s3 · Λk(b) ∪ s1s2 · Λk(b) ∪ s1s3 · Λk(b)

and

Λk(pmax
α1

) =
{
λ− p

aω1; λ ∈ ĎPrk,Z, a ∈ N, a ≤ q − 1
}
,

q
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Λk(pmax
α2

) =
{
λ− p

q
aω2; λ ∈ ĎPrk,Z, a ∈ N, a ≤ q − 1

}
,

Λk(pmin
α3

) =
{
λ− p

q
(aω1 + bω2); λ ∈ ĎPrk,Z, a, b ∈ N, a + b ≤ q − 1

}
,

Λk(b) =
{
λ− p

q
(aω1 + bω2 + cω3); λ ∈ ĎPrk,Z, a, b, c ∈ N, a + b + c ≤ q − 1

}
.

The Hasse diagram of W p for the corresponding standard parabolic subalgebra p of g is 
given in Fig. 3. Let us note that ĎPrOmin

k and ĎPrOrect
k are non-empty if q ≥ 2, ĎPrOsubreg

k is 
non-empty for q ≥ 3 and ĎPrOprin

k is non-empty provided q ≥ 4.

2.2.4. Admissible levels with small denominator
The simplest possible and very well-known case is g of admissible level k ∈ Q with 

denominator q = 1, i.e. we have

k + n + 1 = p with p ∈ N, p ≥ n + 1.

By Theorem 1.9 we have O1 = O[1n+1] = Ozero. Moreover, since ĎO1 = Ozero, we easily 
obtain that

ĎPrk = ĎPrOzero
k = ĎPrk,Z (2.6)

by Theorem 2.11.
The more interesting case is g of admissible level k ∈ Q with denominator q = 2, i.e. 

we have

k + n + 1 = p

2 with p ∈ N, (p, 2) = 1, p ≥ n + 1.

By Theorem 1.9 we have

O2 =
{
O[2m] if n = 2m− 1,
O[2m,1] if n = 2m,

which implies that Oλ ⊂ ĎO2 provided λ = [2r, 1n+1−2r] for r = 0, 1, . . . , m. Therefore, 
by (1.6) we have a decomposition

ĎPrk = ĎPrOzero
k �

m�
r=1

ĎPrO[2r,1n+1−2r ]
k .

For r = 1, 2, . . . , m, we denote by λr the partition [2r, 1n+1−2r] of n + 1. As λt
r =

[n + 1 − r, r], we have
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[pλt
r
] =

{
{pmax

αr
, pmax

αn+1−r
} if n + 1 �= 2r,

{pmax
αr

} if n + 1 = 2r

for r = 1, 2, . . . , m. Besides, we see that [pmax
αr

]+ = [pλt
r
] together with

W p
max
αr+ =

{
{e} if n + 1 �= 2r,
{e, wr} if n + 1 = 2r.

Hence, by using Theorem 2.8 we may write

ĎPrk = ĎPrk,Z �
m�
r=1

�
w∈Wpmax

αr

w−1 · Λk(pmax
αr

) (2.7)

if n is even and

ĎPrk = ĎPrk,Z �
m−1�
r=1

�
w∈Wpmax

αr

w−1 · Λk(pmax
αr

) � �
[w]∈Wpmax

αm+ \Wpmax
αm

w−1 · Λk(pmax
αm

) (2.8)

if n is odd, where m = �n+1
2 � and

Λk(pmax
αr

) =
{
λ− p

2 ωr; λ ∈ ĎPrk,Z
}

for r = 1, 2, . . . , n.
The Hasse diagram W p for the standard parabolic subalgebra p = pmax

α with α ∈ Π we 
can determine by the methods described at the end of Section 1.3.1. However, since p is a 
maximal parabolic subalgebra of g, which in other words means that the corresponding 
nilradical u is commutative, there is a relatively easy way how to compute the Hasse 
diagram W p, see [16] for more details.

3. Tame and strongly tame Gelfand–Tsetlin modules

3.1. Tame Gelfand–Tsetlin modules

Let us consider the simple Lie algebra g = sln+1 for n ∈ N. A Cartan subalgebra h of 
g is given by diagonal matrices

h = {diag(a1, a2, . . . , an+1); a1, a2, . . . , an+1 ∈ C,
∑n+1

i=1 ai = 0}.

For i = 1, 2, . . . , n + 1 we define εi ∈ h∗ through εi(diag(a1, a2, . . . , an+1)) = ai. The 
root system of g with respect to h is then given by Δ = {εi − εj ; 1 ≤ i �= j ≤ n + 1}. A 
positive root system in Δ is Δ+ = {εi − εj ; 1 ≤ i < j ≤ n + 1} with the set of simple 
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roots Πst = {α1, α2, . . . , αn}, αi = εi − εi+1 for i = 1, 2, . . . , n. We will also use the 
notation

αi,j =
j∑

k=i

αk = εi − εj+1

for 1 ≤ i < j ≤ n. The fundamental weights are

ωi =
i∑

j=1
εj −

i

n + 1

n+1∑
j=1

εj

for i = 1, 2, . . . , n. Further, we define root vectors of g by

eεi−εj = ei,j = Ei,j and fεi−εj = fi,j = Ej,i

together with the corresponding coroot

hεi−εj = Ei,i − Ej,j

for 1 ≤ i < j ≤ n +1, where Ei,j ∈ Mn+1×n+1(C) for 1 ≤ i, j ≤ n +1 is the (n +1 ×n +1)-
matrix having 1 at the intersection of the i-th row and the j-th column and 0 elsewhere. 
In particular, we have

ei = Ei,i+1, hi = Ei,i −Ei+1,i+1, fi = Ei+1,i

for i = 1, 2, . . . , n, for the Chevalley generators of g. Besides, we denote by bst the 
standard Borel subalgebra of g with respect to the positive root system Δ+. Let us note 
that for two Borel subalgebras b1, b2 of g there exists an automorphism ϕ ∈ Aut(g) such 
that ϕ(b1) = b2.

Further, let us recall that there is the Tits extension WTits of the Weyl group W of g
which fits into the short exact sequence

1 → Zdim h

2 → WTis → W → 1

of finite groups. Although, the Weyl group W does not have an action on g, its Tits ex-
tension WTits has an action on g given as follows. For α ∈ Δ and an sl2-triple (eα, hα, fα), 
we define rα ∈ Aut(g) by

rα = exp(ad(fα)) exp(− ad(eα)) exp(ad(fα)).

Then the assignment s̃αi
�→ rαi

for i = 1, 2, . . . , n, where s̃αi
is the generator of WTits

lifting the generator sαi
of W , gives us a representation of WTits on g. Moreover, we 

have rα|h = sα and rα(gβ) = gsα(β) for α, β ∈ Δ. By a representative ẇ ∈ Aut(g) of 
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w ∈ W we will mean an element ẇ = rα1rα2 · · · rαk
if w = sα1sα2 · · · sαk

, where k ∈ N0
and αi ∈ Πst for i = 1, 2, . . . , k.

We will also need an automorphism σ ∈ Aut(g) order 2 induced from a symmetric 
transformation

of order 2 of the Dynkin diagram of g and determined by

ei �→ en+1−i, hi �→ −hn+1−i, fi �→ fn+1−i

for i = 1, 2, . . . , n. It follows immediately that σ(αi) = αn+1−i for i = 1, 2, . . . , n and 
σ(bst) = bst. We denote by ĎW the subgroup of Aut(g) generated by σ and by rαi

for 
i = 1, 2, . . . , n.

For a commutative algebra Γ, we denote by Hom(Γ, C) the set of all characters of 
Γ, i.e. algebra homomorphisms from Γ to C. Let M be a Γ-module. For each character 
χ ∈ Hom(Γ, C) we set

Mχ = {v ∈ M ; (∃k ∈ N) (∀a ∈ Γ) (a− χ(a))kv = 0}.

We say that M is a Γ-weight module if

M =
⊕

χ∈Hom(Γ,C)

Mχ.

If Mχ �= {0} then χ is a Γ-weight of M . The set of all Γ-weights of M is the Γ-support
of M . The dimension of Mχ is the Γ-multiplicity of χ in M .

We will be mainly interested in commutative subalgebras of U(g) constructed in the 
following way. Let

F : g1 ⊂ g2 ⊂ · · · ⊂ gn = g

be a chain of Lie subalgebras of g such that gk � slk+1 and gk∩h is a Cartan subalgebra 
of gk for k = 1, 2, . . . , n. The Gelfand–Tsetlin subalgebra Γ of U(g) with respect to F
is generated by the Cartan subalgebra h and by the center of U(gk) for k = 1, 2, . . . , n, 
see [13]. It is known that Γ is a maximal commutative subalgebra of U(g). A finitely 
generated Γ-weight g-module M is called a Γ-Gelfand–Tsetlin g-module.

Let Π = {γ1, γ2, . . . , γn} be a set of simple roots in Δ. Let us note that we will 
understand Π as an ordered set. Then the most important example of a Gelfand–Tsetlin 
subalgebra of U(g) is the standard Gelfand–Tsetlin subalgebra Γst(Π) with respect to Π
which is attached to a chain F uniquely determined by a sequence
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{γ1} ⊂ {γ1, γ2} ⊂ · · · ⊂ {γ1, γ2, . . . , γn}

of sets of simple roots of the corresponding Lie subalgebras in the chain F . Moreover, 
since there exists w ∈ ĎW satisfying Π = w(Πst), we get immediately that Γst(Π) =
w(Γst(Πst)). We will use the notation Γst instead of Γst(Πst) and Πw rather than w(Πst)
for w ∈ ĎW . We denote by bΠ the Borel subalgebra of g associated to Π and by ρb the 
corresponding Weyl vector, i.e. the half-sum of positive roots (with respect to Π) of g.

Example. If p ⊃ bst is a standard parabolic subalgebra of g and E is a weight p-module 
with finite weight multiplicities and trivial action of the nilradical u of p, then both 
g-modules Mg

p (E) and Lg
p(E) are Γst(Πw)-Gelfand–Tsetlin g-modules for all w ∈ ĎW . In 

particular, any highest weight g-module is a Γst(Πw)-Gelfand–Tsetlin g-module for any 
w ∈ ĎW .

Definition 3.1. Let Γ be a Gelfand–Tseltin subalgebra of U(g). We say that a Γ-
Gelfand–Tsetlin g-module M is tame if Γ has a simple spectrum on M , i.e. all Γ-
multiplicities are equal to 1. In this case Γ-weights of M parameterize a basis of M .

Finite-dimensional g-modules are examples of tame Γst(Πw)-Gelfand–Tsetlin g-
modules for arbitrary w ∈ ĎW . Various classes of infinite-dimensional tame Gelfand–
Tsetlin g-modules are known, e.g. generic modules [21], or more generally, relation
modules [22]. Moreover, relation Γst-Gelfand–Tsetlin g-modules can be characterized 
as those g-modules having an eigenbasis for Γst formed by a set of tableaux T (v) for 
v ∈ C

n(n+1)
2 , where T (v) is the tableau associated to a vector

v = (vn+1,1, . . . , vn+1,n+1|vn,1, . . . , vn,n| . . . |v2,1, v2,2|v1,1),

and admitting the action of the Chevalley generators in the form

ek(T (v)) = −
k∑

i=1

(∏k+1
j=1 (vk,i − vk+1,j)∏k
j �=i(vk,i − vk,j)

)
T (v + δk,i),

fk(T (v)) =
k∑

i=1

(∏k−1
j=1 (vk,i − vk−1,j)∏k
j �=i(vk,i − vk,j)

)
T (v − δk,i),

hk(T (v)) =
(

2
k∑

i=1
vk,i −

k−1∑
i=1

vk−1,i −
k+1∑
i=1

vk+1,i − 1
)
T (v),

(3.1)

where δk,i is the vector having 1 at the position (k, i) and 0 elsewhere, for k = 1, 2, . . . , n. 
If a denominator equals zero, then the summand is assumed to be zero. For such a relation 
g-module, we will use the name strongly tame Γst-Gelfand–Tsetlin g-module.

Let M be a g-module with the action of g given via a homomorphism π : g → EndM

of Lie algebras. For w ∈ ĎW , we define the twisted g-module Mw in such a way that as a 
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vector space it coincides with M , however the action of g is given through a homomor-
phism πw : g → EndM of Lie algebras defined by πw(a) = π(w−1(a)) for a ∈ g.

Let Π be a set of simple roots in Δ. We say that M is a strongly tame Γst(Π)-
Gelfand–Tsetlin g-module if there is w ∈ ĎW such that Π = w(Πst) and Mw−1 is a 
strongly tame Γst-Gelfand–Tsetlin g-module.

The following useful proposition is an immediate consequence of the definition of 
strongly tame Gelfand–Tsetlin g-modules.

Proposition 3.2. Let Π be a set of simple roots in Δ and let M be a strongly tame Γst(Π)-
Gelfand–Tsetlin g-module. Then Mw is a strongly tame Γst(w(Π))-Gelfand–Tsetlin g-
module for w ∈ ĎW .

Again, finite-dimensional g-modules are examples of strongly tame Γst(Πw)-Gelfand–
Tsetlin g-modules for any w ∈ ĎW . Besides, strongly tame highest weight Γst-
Gelfand–Tsetlin g-modules were described in [20, Theorem 4.8].

Let b = bΠ for a set of simple roots Π = {γ1, γ2, . . . , γn} in Δ.

Theorem 3.3. [20, Theorem 4.8] Let λ ∈ h∗ be a regular dominant weight. Then the 
simple g-module Lg

b
(λ) is a strongly tame Γst(Π)-Gelfand–Tsetlin g-module.

Using the fact that Lg
w(b)(w(λ)) � Lg

b
(λ)w for λ ∈ h∗ and w ∈ ĎW , we easily obtain 

from Proposition 3.2 the following statement.

Corollary 3.4. Let λ ∈ h∗ be a regular dominant weight. Then Lg
w(b)(w(λ)) is a strongly 

tame Γst(w(Π))-Gelfand–Tsetlin g-module for w ∈ ĎW .

Corollary 3.5. Let Lg

b
(λ) for λ ∈ h∗ be a strongly tame Γst(Π)-Gelfand–Tsetlin g-module 

such that 〈λ + ρb, γ∨
i 〉 ∈ N for all i ∈ I, where I is some subset of {1, 2, . . . , n}. If 

w ∈ W is the element of minimal length satisfying 〈w(λ + ρb), γ∨
i 〉 ∈ −N for all i ∈ I, 

then Lg

b
(λ) � Lg

w(b)(w(λ)) is a strongly tame Γst(w(Π))-Gelfand–Tsetlin g-module.

The following observation is a key lemma.

Lemma 3.6. Let λ ∈ h∗ be a regular dominant weight with respect to b and let r ∈
{1, 2, . . . , n} be such that 〈λ + ρb, γ∨

r 〉 /∈ Z. Let us suppose also that λ satisfies one of the 
following conditions:

i) 〈λ + ρb, γ∨
i,j〉 /∈ Z for all 1 ≤ i ≤ j ≤ r;

ii) 〈λ + ρb, γ∨
i 〉 ∈ N for all i ∈ {1, 2, . . . , r − 1};

iii) 〈λ +ρb, γ∨
r−1〉 /∈ Z, 〈λ +ρb, γ∨

r−1,r〉 ∈ N, and 〈λ +ρb, γ∨
k 〉 ∈ N for all k ∈ {1, 2, . . . , n} \

{r − 1, r} provided r �= 1;
iv) 〈λ +ρb, γ∨

r+1〉 /∈ Z, 〈λ +ρb, γ∨
r,r+1〉 ∈ N, and 〈λ +ρb, γ∨

k 〉 ∈ N for all k ∈ {1, 2, . . . , n} \
{r, r + 1} provided r �= n.
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Then there exists w ∈ W such that Lg
w−1(b)(w−1(λ)) is a strongly tame Γst(Π)-

Gelfand–Tsetlin g-module. Moreover, we have that Lg

b
(λ) is a strongly tame Γst(w(Π))-

Gelfand–Tsetlin g-module.

Proof. For r = 1 the statement follows from [20, Theorem 4.8] with w = e. Let us 
assume that r > 1. Then in both cases we set w = sγr−1sγr

sγr−2sγr−1 · · · sγ1sγ2 . Let 
us choose vj ∈ C for j = 1, 2, . . . , n + 1 is such a way that v1 − v2 = 〈λ + ρb, γ∨

r 〉, 
v1 − vr+1 = −〈λ + ρb, γ∨

r−1〉, v2 − vr+2 = 〈λ + ρb, γ∨
r+1〉, vj+2 − vj+3 = 〈λ + ρb, γ∨

j 〉 for 
1 ≤ j ≤ r − 2, vj − vj+1 = 〈λ + ρb, γ∨

j 〉 for r + 2 ≤ j ≤ n and

n+1∑
j=1

vj = −
(
n + 1

2

)
.

Further, let us consider the Gelfand–Tsetlin tableau T (v) for v ∈ C
n(n+1)

2 satisfying

vi,j =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

v1 + r − 1 if i = j = 1,
v1 + r − i + 1 if 1 < i ≤ r and j = i− 1,
v1 if i > r and j = r,

v2 + r − i + 1 if 1 < i ≤ r and j = i,

v2 if i > r and j = i,

v3 if i ≥ 3 and j = 1,
vj+2 if i ≥ 4 and 2 ≤ j < r,

vj if i > j ≥ r + 1.

Let C be the maximal set of relations satisfied by the tableau T (v). Then C is an 
admissible set of relations and VC(T (v)) is a simple g-module by [22, Theorem 5.6]. 
Therefore, we get that VC(T (v)) = U(g)T (v) together with relations eγj

(T (v)) = 0 for 
j ∈ {1, 2, . . . , n} \ {2, r + 1} and eγ2,r+1(T (v)) = 0, fγ1,r (T (v)) = 0, which gives us that 
T (v) is a highest weight vector with respect to the Borel subalgebra w−1(b) of g. More-
over, we have hγ1(T (v)) = 〈λ, γ∨

r 〉 T (v), h−γ1,r (T (v)) = 〈λ, γ∨
r−1〉 T (v), hγ2,r+1(T (v)) =

〈λ, γ∨
r+1〉 T (v), hγj+2(T (v)) = 〈λ, γ∨

j 〉 T (v) for 1 ≤ j ≤ r−2 and hγj
(T (v)) = 〈λ, γ∨

j 〉 T (v)
for r + 2 ≤ j ≤ n, which implies that VC(T (v)) � Lg

w−1(b)(w−1(λ)). �
3.2. Localization of tame Gelfand–Tsetlin modules

Let f ∈ g be a locally ad-nilpotent regular element in U(g). We denote by U(g)(f) the 
left ring of fractions of U(g) with respect to the multiplicative set {fn; n ∈ N0} in U(g). 
In addition, we introduce a 1-parameter family of algebra automorphisms Θν

f : U(g)(f) →
U(g)(f) by
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Θν
f (u) =

∞∑
k=0

(
ν + k − 1

k

)
f−k ad(f)k(u)

for ν ∈ C and u ∈ U(g)(f). Hence, we may define the twisted localization functor Dν
f

relative to f and ν on the category of g-modules as

Dν
f (M) = U(g)(f) ⊗U(g)M

for a g-module M , where the action of g on Dν
f (M) is twisted through Θν

f , i.e. we have

u(v) = Θν
f (u)v

for u ∈ U(g)(f) and v ∈ Dν
f (M). We will also use the notation Df instead of D0

f . 
Furthermore, we define the twisting functor Tf on the category of g-modules as

Tf (M) = Df (M)/M

for a g-module M , which is well defined since M is a g-submodule of Df (M).
Twisted localization functor preserves the annihilator of highest weight modules with 

dominant highest weights.

Lemma 3.7. [20, Corollary 3.5] Let b = bΠ for a set of simple roots Π in Δ, ν ∈ C and 
λ ∈ h∗ be a dominant weight with respect to b. Let us assume that f ∈ g is a locally ad-
nilpotent regular element in U(g). If f is injective on the g-module Lg

b
(λ), then we have 

AnnU(g)L
g

b
(λ) = AnnU(g)D

ν
f (Lg

b
(λ)) = AnnU(g)N , where N �= 0 is a simple subquotient 

of Dν
f (Lg

b
(λ)).

In particular, Lemma 3.7 says that if Lg

b
(λ) belongs to a nilpotent orbit O of g, then 

Dν
f (Lg

b
(λ)) belongs to the same nilpotent orbit O for any ν ∈ C.

Let b = bΠ for a set of simple roots Π = {γ1, γ2, . . . , γn} in Δ. It was shown in [20]
that the twisted localization functor Dν

f for ν ∈ C defines a functor on the category of 
strongly tame Γst(Π)-Gelfand–Tsetlin g-modules via the restriction.

Theorem 3.8. Let M be a simple strongly tame Γst(Π)-Gelfand–Tsetlin g-module and 
f = fγ1 .

i) [20, Lemma 5.2] If f is injective on M , then Tf (M) is a strongly tame Γst(Π)-
Gelfand–Tsetlin g-module.

ii) [20, Theorem 5.4] If f is injective on M , then Dν
f (M) is a strongly tame Γst(Π)-

Gelfand–Tsetlin g-module for any ν ∈ C.
iii) [20, Corolary 5.5] If f is bijective on M , then M � Dν

f (N) for some simple strongly 
tame Γst(Π)-Gelfand–Tsetlin g-module N with injective action of f and some ν ∈
C \ Z.
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Corollary 3.9. Let M be a simple strongly tame Γst(Π)-Gelfand–Tsetlin g-module and 
f = fw(γ1) for some w ∈ ĎW . If f is injective on Mw, then Dν

f (Mw) is a strongly tame 
Γst(w(Π))-Gelfand–Tsetlin g-module for any ν ∈ C.

Proof. By Proposition 3.2 we have that Mw for w ∈ ĎW is a strongly tame Γst(w(Π))-
Gelfand–Tsetlin g-module. As Γst(w(Π)) is the standard Gelfand–Tsetlin subalgebra of 
U(g) with respect to w(Π) having w(γ1) as the first simple root and f is injective on 
Mw, the statement follows from Theorem 3.8. �
Corollary 3.10. Let λ ∈ h∗ be a regular dominant weight with respect to b satisfying the 
assumptions of Lemma 3.6 and f = fγr

for r ∈ {1, 2, . . . , n}. Then

i) Tf (Lg

b
(λ)) � Lg

sγr (b)(λ +γr) is a strongly tame Γst(w(Π))-Gelfand–Tsetlin g-module;
ii) Dν

f (Lg

b
(λ)) is a strongly tame Γst(w(Π))-Gelfand–Tsetlin g-module for any ν ∈ C.

Proof. The first statement follows from Lemma 3.6 and Theorem 3.8(i). As w(γr) is 
the first simple root of w(Π), the second statement follows from Lemma 3.6 and Theo-
rem 3.8(ii). �
4. Explicit realization of admissible modules

In this section we give an explicit realization of admissible sln+1-modules.

4.1. Realization of admissible highest weight modules

Let us remark that strongly tame highest weight Γst-Gelfand–Tsetlin g-modules were 
classified in [20, Theorem 4.8]. As a consequence of this classification we get the following 
statement.

Let k ∈ Q be an admissible number for g with denominator q ∈ N, i.e. we have

k + n + 1 = p

q
with p, q ∈ N, (p, q) = 1, p ≥ n + 1.

In the whole section we will assume that b is a Borel subalgebra of g associated to a set 
of simple roots Π = {γ1, γ2, . . . , γn} in Δ. The set of positive roots with respect to b we 
denote by Δb

+.

Theorem 4.1. For λ ∈ ĎPrk, the simple g-module Lg

b
(λ) is a strongly tame Γst(Π)-

Gelfand–Tsetlin g-module. Moreover, if w ∈ ĎW then Lg
w(b)(w(λ)) is a strongly tame 

Γst(w(Π))-Gelfand–Tsetlin g-module.

Proof. It follows immediately from Corollary 3.4, given that all λ ∈ ĎPrk are regular 
dominant. �
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The following generalizes [20, Corollary 6.8] for arbitrary nilpotent orbit of g.

Corollary 4.2. Let λ ∈ ĎPrOk for a nilpotent orbit O of g. Let us assume that fγ is injective 
on Lg

b
(λ) for a simple root γ ∈ Π. Then Lg

sγ(b)(λ + γ) is an admissible strongly tame 
Γst(sγ(Π))-Gelfand–Tsetlin g-module which belongs to the nilpotent orbit O.

Proof. As Lg
sγ(b)(λ + γ) is a subquotient of Dfγ (Lg

b
(λ)), we get that Lg

sγ(b)(λ + γ) is an 
admissible g-module which belongs to the nilpotent orbit O by Lemma 3.7. Applying 
Theorem 4.1 we get that Lg

sγ(b)(λ + γ) is a strongly tame Γst(sγ(Π))-Gelfand–Tsetlin 
g-module. �
Corollary 4.3. Let λ ∈ ĎPrk, 1 ≤ r ≤ n and w = sγr−1sγr

sγr−2sγr−1 · · · sγ1sγ2 ∈ W if 
r > 1 and w = e ∈ W if r = 1. Then Lg

b
(λ) is a strongly tame Γst(w(Π))-Gelfand–Tsetlin 

g-module in the following cases:

i) λ ∈ ĎPrOprin
k ,

ii) λ ∈ Λk(pmax
γr

) ⊂ ĎPrO[2min{r,n+1−r},1n+1−2 min{r,n+1−r}]
k with

Λk(pmax
γr

) =
{
μ− p

q
aωr; μ ∈ ĎPrk,Z, a ∈ N, a ≤ q − 1

}
,

iii) λ ∈ Λk(pmin
γn

) ⊂ ĎPrOsubreg
k provided r < n with

Λk(pmin
γn

) =
{
μ− p

q

n−1∑
i=1

aiωi; μ ∈ ĎPrk,Z, a1, a2, . . . , an−1 ∈ N,
n−1∑
i=1

ai ≤ q − 1
}
,

where k + n + 1 = p
q with p, q ∈ N, (p, q) = 1 and p ≥ n + 1.

4.2. Realization of admissible sl2-induced modules

We will discuss tableau realizations of simple admissible sl2-induced g-modules which 
belong to the principal nilpotent orbit, the subregular nilpotent orbit and the nilpotent 
orbits for maximal parabolic subalgebras.

Let us consider a parabolic subalgebra p = l ⊕ u ⊃ b of g such that the Levi sub-
algebra l is isomorphic to sl2 + h. For a simple weight l-module E, we may consider 
the generalized Verma module Mg

p (E), where E is understood as a p-module on which 
u acts trivially, together with its simple quotient Lg

p(E). We will call them sl2-induced
g-modules. Since p is a standard parabolic subalgebra of g, there exists a simple root 
γ ∈ Π = {γ1, γ2, . . . , γn} such that the corresponding sl2-triple (eγ , hγ , fγ) forms a basis 
of [l, l]. Based on the well-known classification of simple weight sl2-modules (see e.g. [29]), 
we easily obtain a classification of simple weight l-modules which looks as follows.
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i) The finite-dimensional l-modules Eλ with highest weight λ ∈ h∗, where λγ ∈ N0.
ii) The highest weight l-modules Lλ with highest weight λ ∈ h∗, where λγ ∈ C \N0.
iii) The lowest weight l-modules sLλ with lowest weight λ ∈ h∗, where λγ ∈ C \−N0.
iv) The cuspidal l-modules Rλ,ξ with weight λ ∈ h∗ and ξ ∈ C, where λγ ∈ C and 

2ξ �= μ(μ + 2) for all μ ∈ λγ + 2Z.

We used the notation λγ = λ(hγ) for λ ∈ h∗. Let us note that the parameter ξ ∈ C for 
Rλ,ξ is the eigenvalue of the sl2-Casimir element cγ defined by

cγ = eγfγ + fγeγ + 1
2h

2
γ .

Besides, we have that Rλ,ξ � Rλ+nγ,ξ for n ∈ Z. Also note that all l-modules above are 
strongly tame Γst-Gelfand–Tsetlin modules.

In the next, it will be convenient for us to use the following realization of the simple 
weight l-modules from the classification above, i.e. we have

i) Ll
b∩l(λ) � Eλ for λ ∈ h∗ if 〈λ + ρb, γ∨〉 ∈ N;

ii) M l
b∩l(λ) � Lλ for λ ∈ h∗ if 〈λ + ρb, γ∨〉 /∈ N;

iii) Tfγ (M l
b∩l(λ)) � sLλ+γ for λ ∈ h∗ if 〈λ + ρb, γ∨〉 /∈ −N;

iv) Dν
fγ

(M l
b∩l(λ)) � Rλ+νγ,ξλ for λ ∈ h∗, ν ∈ C \ Z if ν + 〈λ + ρb, γ∨〉 /∈ Z, where 

ξλ = λγ(λγ+2)
2 .

Since Lg
p(Eλ) � Lg

b
(λ) if 〈λ + ρb, γ∨〉 ∈ N, Lg

p(Lλ) � Lg

b
(λ) if 〈λ + ρb, γ∨〉 /∈ N, 

and Lg
p(sLλ) � Lg

sγ(b)(λ + γ) if 〈λ + ρb, γ∨〉 /∈ −N, we see that in cases (i)–(iii) the 
corresponding simple sl2-induced g-modules are highest weight g-modules. On the other 
hand, the last case leads to non-highest weight g-modules that we will focus on below. 
Let us note that the action of eγ and fγ on Rλ+νγ,ξλ is injective for λ ∈ h∗ and ν ∈ C \Z
provided ν + 〈λ + ρb, γ∨〉 /∈ Z.

Proposition 4.4. [20, Theorem 5.6] Let n > 1, λ ∈ h∗ and ν ∈ C\Z. Then Lg
p(Rλ+νγ1,ξλ)

is a strongly tame Γst(Π)-Gelfand–Tsetlin g-module if and only if Lg

b
(λ) is a strongly tame 

Γst(Π)-Gelfand–Tsetlin module provided 〈λ + ρb, γ∨
1 〉 /∈ N0 and ν + 〈λ + ρb, γ∨

1 〉 /∈ Z. 
Moreover, we have that Lg

p(Rλ+νγ1,ξλ) � Dν
fγ1

(Lg

b
(λ)).

Let k ∈ Q be an admissible number for g with denominator q ∈ N, i.e. we have

k + n + 1 = p

q
with p, q ∈ N, (p, q) = 1, p ≥ n + 1,

and let E be a simple weight l-module. It follows from [3, Theorem 2.12] that if Lg
p(E)

is an admissible g-module of level k, then E is an admissible sl2-module of level kγ =
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k+n − 1. From the realization of Rλ+νγ,ξλ through the twisted localization functor Dν
fγ

and by using Lemma 3.7, we get the following statement.

Proposition 4.5. [20, Proposition 6.9] Let λ ∈ h∗ and ν ∈ C \Z. The l-module Rλ+νγ,ξλ

is an admissible sl2-module of level kγ if and only if 〈λ +ρb, γ∨〉 = b − p
qa and ν− p

qa /∈ Z, 
where a, b ∈ N satisfy a ≤ q − 1 and b ≤ p − 2.

Now by applying Proposition 4.4 and Proposition 4.5 we obtain the following gener-
alization of [3, Theorem 6.5] and [20, Corollary 6.11].

Corollary 4.6. Let n > 1, λ ∈ h∗ and ν ∈ C \ Z. Then Lg
p(Rλ+νγ1,ξλ) is an admissible 

strongly tame Γst(Π)-Gelfand–Tsetlin g-module if and only if λ ∈ ĎPrk provided 〈λ +
ρb, γ∨

1 〉 /∈ Z and ν + 〈λ + ρb, γ∨
1 〉 /∈ Z.

Let us note that admissible g-modules Lg
p(Rλ+νγ1,ξλ) in Corollary 4.6 are sl2-induced 

modules, where the Lie subalgebra sl2 of g is given by the first simple root γ1. Hence, 
we need an extension of Corollary 4.6 to other simple roots. As a consequence of Propo-
sition 4.4 and Corollary 3.10(ii) we obtain the following result.

Corollary 4.7. Let n > 1, λ ∈ h∗ and ν ∈ C \ Z. Let us assume that λ satisfies the 
conditions of Lemma 3.6 for a simple root γ. Then Dν

fγ
(Lg

b
(λ)) is a simple strongly tame 

Γst(w(Π))-Gelfand–Tsetlin g-module provided ν + 〈λ + ρ, γ∨〉 /∈ Z. Besides, we have 
Dν

fγ
(Lg

b
(λ)) � Lg

p(Rλ+νγ,ξλ).

4.2.1. Principal nilpotent orbit
By Theorem 2.12 we have that [ĎPrOprin

k ] is represented by the set Λk(b), where

Λk(b) =
{
μ− p

q

n∑
i=1

aiωi; μ ∈ ĎPrk,Z, a1, a2, . . . , an ∈ N,

n∑
i=1

ai ≤ q − 1
}
.

Further, since for λ ∈ Λk(b), 〈λ + ρb, γ∨〉 /∈ Z for all γ ∈ Δb
+, we obtain immediately 

that a weight λ ∈ ĎPrOprin
k is not only regular dominant but also antidominant. Therefore, 

we have the following refinement of Theorem 4.1 for the principal nilpotent orbit.

Theorem 4.8. If λ ∈ ĎPrOprin
k , then Lg

b
(λ) is a strongly tame Γst(w(Π))-Gelfand–Tsetlin 

g-module for any w ∈ W .

Proof. If λ ∈ ĎPrOprin
k , then the weight λ is regular dominant and antidominant, and 

Lg

b
(λ) � Mg

b
(λ) is a strongly tame Γst(Π)-Gelfand–Tsetlin g-module. Further, for w ∈ W

the weight w−1(λ) is also strongly generic, and hence Lg
w−1(b)(w−1(λ)) is a strongly tame 

Γst(Π)-Gelfand–Tsetlin g-module, which gives us that Lg
w−1(b)(w−1(λ))w � Lg

b
(λ) is a 

strongly tame Γst(w(Π))-Gelfand–Tsetlin g-module. �
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We have the following refinement and generalization of [3, Theorem 6.5]. It provides 
a classification and an explicit construction of all simple admissible sl2-induced modules 
in the principal nilpotent orbit.

Theorem 4.9. Let n > 1, λ ∈ ĎPrOprin
k , γ ∈ Δb

+, ν ∈ C \ Z and ν + 〈λ + ρb, γ∨〉 /∈ Z. 
Further, let us assume that w ∈ ĎW satisfies γ = w(γ1). Then

i) Dν
fγ

(Lg

b
(λ)) is a simple admissible strongly tame Γst(w(Π))-Gelfand–Tsetlin g-module 

which belongs to the principal nilpotent orbit;
ii) g-modules Dν

fγ
(Lg

b
(λ)) for γ ∈ Π exhaust all simple admissible sl2-induced g-modules 

which belongs to the principal nilpotent orbit. All such g-modules have unbounded 
finite weight multiplicities.

Proof. By Theorem 4.8 we have that Lg

b
(λ) is a strongly tame Γst(Π)-Gelfand–Tsetlin 

g-module. Since fγ is injective on Lg

b
(λ), the first statement follows from Lemma 3.7 and 

Theorem 3.8. The second statement follows from Proposition 4.4. �
Remark.

i) Let us note that Dν
fγ

(Lg

b
(λ)) has infinite weight multiplicities if γ /∈ Π.

ii) We see that admissible modules in the principal nilpotent orbit admit various real-
izations as strongly tame Gelfand–Tsetlin modules analogously to finite-dimensional 
modules. This is typical for admissible modules in all nilpotent orbits.

4.2.2. Nilpotent orbits for maximal parabolic subalgebras
Let us consider 1 ≤ r ≤ n. Then by the results of Section 2.2.4 we have that the 

set of equivalence classes [ĎPrO[2min{r,n+1−r},1n+1−2 min{r,n+1−r}]
k ] is represented by the set 

Λk(pmax
γr

), where

Λk(pmax
γr

) =
{
μ− p

q
aωr; μ ∈ ĎPrk,Z, a ∈ N, a ≤ q − 1

}
.

Let us note that for λ ∈ Λk(pmax
γr

) with r = 1 or r = n, the g-module Lg

b
(λ) is a simple 

admissible highest weight g-module which belongs to the minimal nilpotent orbit.
Next theorem provides a realization for certain simple admissible sl2-induced g-

modules which belong to the nilpotent orbit attached to a maximal parabolic subalgebra 
of g.

Theorem 4.10. Let λ ∈ Λk(pmax
γr

), 1 ≤ r ≤ n, γ ∈ Δb
+, ν ∈ C\Z and ν+〈λ +ρb, γ∨〉 /∈ Z. 

Further, let us assume that 〈λ + ρb, γ∨〉 /∈ Z. Then Dν
fγ

(Lg

b
(λ)) is an admissible g-

module which belongs to the nilpotent orbit attached to the maximal parabolic subalgebra 
pmax
γr

. Moreover, there exists w ∈ ĎW such that Dν
fγ

(Lg

b
(λ)) is a strongly tame Γst(w(Π))-

Gelfand–Tsetlin g-module.
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Proof. If r = 1 or r = n then the statement was proved in [20, Theorem 6.12], where a 
complete classification of simple admissible sl2-induced g-modules in the minimal orbit 
was obtained. Let us assume now that 1 < r < n. The admissibility of Dν

fγ
(Lg

b
(λ)) follows 

from Lemma 3.7. If we have γ = γr for 1 < r ≤ �n+1
2 �, then the statement follows from 

Corollary 3.10 for wr = sγr−1sγr
sγr−2sγr−1 · · · sγ1sγ2 ∈ W . If r > �n+1

2 � we apply the 
automorphism σ and then the element wγn−r+1 . This proves the statement for simple 
roots.

Let us assume now that γ = γi,j for 1 ≤ i ≤ r ≤ j ≤ n and i < j. We proceed by 
induction on j−i with j−i = 0 as the base of induction which corresponds to a simple root 
considered above. For i < r, let us consider the g-module Lg

sγi (b)(si(λ)) � Lg

b
(λ). Then 

Lg
sγi (b)(si(λ)) is a Γst(sγi

(Π))-Gelfand–Tsetlin module (cf. Corollary 3.5). The Borel 
subalgebra sγi

(b) corresponds to a new set of simple roots sγi
(Π) = {γ′

1, γ
′
2, . . . , γ

′
n} and 

γ = γ′
i+1,j . The result then follows by induction. Further, for i = r we have j > r. In this 

case we consider the g-module Lg
sγj (b)(sγj

(λ)) � Lg

b
(λ) and we apply the same argument. 

This completes the proof for λ ∈ Λk(pmax
γr

). �
Remark. Theorem 4.10 shows how to explicitly construct simple admissible sl2-induced 
g-modules for the representatives of maximal parabolic orbits. These modules do not 
exhaust all admissible sl2-induced g-modules. For example, by acting on λ by a simple 
reflection sγ corresponding to a non-integral entry one obtains an admissible highest 
weight g-module Lg

b
(sγ · λ) in a maximal parabolic orbit which can be localized with 

respect to any root γi,j such that 〈sγ · λ, γ∨
i,j〉 /∈ Z. This follows from Corollary 4.2 and 

Lemma 3.6. On the other hand, more admissible sl2-induced g-modules can be obtained 
by using other highest weights in maximal parabolic orbits.

4.2.3. Subregular nilpotent orbit
By Theorem 2.10 we have that [ĎPrOsubreg

k ] is represented by the set Λk(pmin
γn

), where

Λk(pmin
γn

) =
{
μ− p

q

n−1∑
i=1

aiωi; μ ∈ ĎPrk,Z, a1, a2, . . . , an−1 ∈ N,
n−1∑
i=1

ai ≤ q − 1
}
.

Let us note that for λ ∈ Λk(pmin
γn

) and all γ ∈ Δb
+ \ {γn}, we have 〈λ + ρb, γ∨〉 /∈ Z.

As an immediate consequence of Lemma 3.6 and [20, Theorem 5.4] we obtain the 
following statement. For 1 ≤ r ≤ n, we set wr = sγr−1sγr

sγr−2sγr−1 · · · sγ1sγ2 ∈ W if 
r > 1, and wr = e for r = 1.

Corollary 4.11. Let λ ∈ Λk(pmin
γn

), 1 ≤ r ≤ n and w = wr. Then

i) Lg
w−1(b)(w−1(λ)) is a strongly tame Γst(Π)-Gelfand–Tsetlin g-module;

ii) Lg

b
(λ) is a strongly tame Γst(w(Π))-Gelfand–Tsetlin g-module.
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The next theorem follows from Corollary 4.7. It provides a realization for certain 
simple admissible sl2-induced g-modules which belong to the subregular nilpotent or-
bit.

Theorem 4.12. Let λ ∈ Λk(pmin
γn

), γ ∈ {γ1, . . . , γn−1, γn−1 + γn}, ν ∈ C \ Z, ν + 〈λ +
ρb, γ∨〉 /∈ Z. Then Dν

fγ
(Lg

b
(λ)) is a simple admissible g-module which belongs to the sub-

regular nilpotent orbit. Moreover, we have that Dν
fγ

(Lg

b
(λ)) is a strongly tame Γst(w(Π))-

Gelfand–Tsetlin g-module with w = wr for γ = γr, 1 ≤ r < n, and w = wn−1sγn
for 

γ = γn−1 + γn.

Let us note that the case γ = γ1 in Theorem 4.12 is already covered by Theo-
rem 3.8.

5. Tableau realization of admissible sl4-modules

In this section we give examples of a tableau realization of simple admissible modules 
over the Lie algebra sl4.

Let g = sl4 and let k ∈ Q be an admissible number for g with denominator q ∈ N, 
i.e. we have

k + 4 = p

q
with p, q ∈ N, (p, q) = 1, p ≥ 4.

By results of Section 2.2.3 we know that if λ ∈ ĎPrk, then the simple highest weight 
g-module Lg

b
(λ) belongs to the one of the following nilpotent orbits

Oprin = Ob, Osubreg = Opmin
α3

, Orect = Opmax
α2

,

Omin = Opmax
α1

, Ozero = Og

depending on the level k. We will restrict ourselves to the case when λ ∈ Λk(p) for the 
corresponding nilpotent orbit Op. For all nilpotent orbits, except the zero nilpotent orbit, 
we will describe a tableau realization of g-modules Mg

p (λ), TfM
g
p (λ) and Dν

fM
g
p (λ) for 

f = fα1,2 and ν ∈ C.
For that reason, let us consider the Gelfand–Tsetlin subalgebra Γ = Γst(Πw) for the 

element w = s2 of the Weyl group W . The corresponding chain F of Lie subalgebras of 
g is determined by the sequence of sets of their simple roots

{α1,2} ⊂ {α1,2,−α2} ⊂ {α1,2,−α2, α2,3}.

By applying a representative ẇ of w to the formulas (3.1) we obtain the action of g on 
strongly tame Γ-Gelfand–Tsetlin g-modules.
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For a description of bases we will use the following notation introduced in [22]. Let 
T (v) for v ∈ C10 be a tableau satisfying a set of relations in C. We denote by

BC(T (v)) = {T (v + i(z)); z ∈ Z6, T (v + i(z)) satisfies relations in C},

where the embedding i : C6 → C10 is given by

(v3,1, v3,2, v3,3|v2,1, v2,2|v1,1) �→ (0, 0, 0, 0|v3,1, v3,2, v3,3|v2,1, v2,2|v1,1).

Besides, since the condition that a tableau T (v + i(z)) satisfies relations in C leads to a 
system of inequalities on

z = (r, s, t|m,n|
)

with integer coefficients, we shall denote the set BC(T (v)) by these inequalities. Further-
more, we denote by VC(T (v)) the Γ-Gelfand–Tsetlin g-module spanned by BC(T (v)) with 
the corresponding action of g.

5.1. Principal nilpotent orbit

For λ ∈ Λk(b) ⊂ ĎPrOprin
k , we have

λ =
(
λ1 − p

qa, λ2 − p
q b, λ3 − p

qa
)

with a, b, c ∈ N, a + b + c ≤ q − 1.

We set v1 − v3 = 〈λ + ρ, α∨
1 〉 /∈ Z, v3 − v2 = 〈λ + ρ, α∨

2 〉 /∈ Z, v2 − v4 = 〈λ + ρ, α∨
3 〉 /∈ Z

such that v1 + v2 + v3 + v4 = −6.

T (v) =

v1 v2 v3 v4

v1 v2 v3

v1 v2 + 1

v1

Let us note that the parabolic subalgebra p in Table 1 corresponds to the Borel 
subalgebra b. In addition, we assume that ν ∈ C \ Z satisfies ν + 〈λ + ρ, α∨

1,2〉 /∈ Z. 
The g-modules Mg

p (λ), TfM
g
p (λ) and Dν

fM
g
p (λ) are simple, since C is the maximal set 

of relations satisfied by the tableau T (w). All weight multiplicities are infinite.

5.2. Subregular nilpotent orbit

For λ ∈ Λk(pmin
α3

) ⊂ ĎPrOsubreg
k , we have

λ =
(
λ1 − p

qa, λ2 − p
q b, λ3

)
with a, b ∈ N, a + b ≤ q − 1.
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Table 1
Principal nilpotent orbit.

VC(T (w)) T (w) C BC(T (w))

Mg
p (λ) T (v)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
� ≤ m ≤ r ≤ 0

s ≤ 0

t ≤ 0

s ≤ n

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭

DfM
g
p (λ) T (v)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
m ≤ r ≤ 0

s ≤ 0

t ≤ 0

s ≤ n

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭

TfM
g
p (λ) T (v + δ1,1)

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

m ≤ r ≤ 0

s ≤ 0

t ≤ 0

s ≤ n

m ≤ �

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭

Dν
fM

g
p (λ) T (v + νδ1,1)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
m ≤ r ≤ 0

s ≤ 0

t ≤ 0

s ≤ n

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭

We set v1 − v3 = 〈λ + ρ, α∨
1 〉 /∈ Z, v3 − v2 = 〈λ + ρ, α∨

2 〉 /∈ Z, v2 − v4 = 〈λ + ρ, α∨
3 〉 ∈ N

such that v1 + v2 + v3 + v4 = −6.

T (v) =

v1 v2 v4 v3

v1 v2 v3

v1 v2 + 1

v1

Let us note that the parabolic subalgebra p in Table 2 corresponds to the minimal 
parabolic subalgebra pmin

α . In addition, we assume that ν ∈ C\Z satisfies ν+〈λ +ρ, α∨
1,2〉 /∈
3
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Table 2
Subregular nilpotent orbit.

VC(T (w)) T (w) C BC(T (w))

Mg
p (λ) T (v)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
� ≤ m ≤ r ≤ 0

−λ3 ≤ s ≤ 0

t ≤ 0

s ≤ n

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭

DfM
g
p (λ) T (v)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
m ≤ r ≤ 0

−λ3 ≤ s ≤ 0

t ≤ 0

s ≤ n

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭

TfM
g
p (λ) T (v + δ1,1)

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

m ≤ r ≤ 0

−λ3 ≤ s ≤ 0

t ≤ 0

s ≤ n

m ≤ �

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭

Dν
fM

g
p (λ) T (v + νδ1,1)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
m ≤ r ≤ 0

−λ3 ≤ s ≤ 0

t ≤ 0

s ≤ n

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭

Z. The g-modules Mg
p (λ), TfM

g
p (λ) and Dν

fM
g
p (λ) are simple, since C is the maximal 

set of relations satisfied by the tableau T (w). All weight multiplicities are infinite.

5.3. Rectangular nilpotent orbit

For λ ∈ Λk(pmax
α2

) ⊂ ĎPrOrect
k , we have

λ =
(
λ1, λ2 − p

qa, λ3
)

with a ∈ N, a ≤ q − 1.

We set v1 − v3 = 〈λ + ρ, α∨
1 〉 ∈ N, v3 − v2 = 〈λ + ρ, α∨

2 〉 /∈ Z, v2 − v4 = 〈λ + ρ, α∨
3 〉 ∈ N

such that v1 + v2 + v3 + v4 = −6.
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Table 3
Rectangular nilpotent orbit.

VC(T (w)) T (w) C BC(T (w))

Mg
p (λ) T (v)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

t − λ1 ≤ m ≤ r

−λ3 ≤ s ≤ 0

t ≤ 0

s ≤ n

−λ1 ≤ r ≤ 0

� ≤ m

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

DfM
g
p (λ) T (v)

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

t − λ1 ≤ m ≤ r

−λ3 ≤ s ≤ 0

t ≤ 0

s ≤ n

−λ1 ≤ r ≤ 0

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭

TfM
g
p (λ) T (v + δ1,1)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

t − λ1 ≤ m ≤ r

−λ3 ≤ s ≤ 0

t ≤ 0

s ≤ n

−λ1 ≤ r ≤ 0

m ≤ �

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

Dν
fM

g
p (λ) T (v + νδ1,1)

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

t − λ1 ≤ m ≤ r

−λ3 ≤ s ≤ 0

t ≤ 0

s ≤ n

−λ1 ≤ r ≤ 0

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭

T (v) =

v1 v3 v2 v4

v1 v3 v2

v1 v2 + 1

v1

Let us note that the parabolic subalgebra p in Table 3 corresponds to the maximal 
parabolic subalgebra pmax

α2
. In addition, we assume that ν ∈ C \ Z satisfies ν + 〈λ +

ρ, α∨
1,2〉 /∈ Z. The g-modules Mg

p (λ), TfM
g
p (λ) and Dν

fM
g
p (λ) are simple with unbounded 
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Table 4
Minimal nilpotent orbit.

VC(T (w)) T (w) C BC(T (w))

Mg
p (λ) T (v)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
� ≤ m ≤ r ≤ 0

−λ2 ≤ t ≤ 0

−λ3 ≤ s ≤ 0

s ≤ n ≤ t − λ2

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭

DfM
g
p (λ) T (v)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
m ≤ r ≤ 0

−λ2 ≤ t ≤ 0

−λ3 ≤ s ≤ 0

s ≤ n ≤ t − λ2

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭

TfM
g
p (λ) T (v + δ1,1)

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

m ≤ r ≤ 0

−λ2 ≤ t ≤ 0

−λ3 ≤ s ≤ 0

s ≤ n ≤ t − λ2

m ≤ �

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭

Dν
fM

g
p (λ) T (v + νδ1,1)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
m ≤ r ≤ 0

−λ2 ≤ t ≤ 0

−λ3 ≤ s ≤ 0

s ≤ n ≤ t − λ2

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭

weight multiplicities, since C is the maximal set of relations satisfied by the tableau 
T (w).

5.4. Minimal nilpotent orbit

For λ ∈ Λk(pmax
α1

) ⊂ ĎPrOmin
k , we have

λ =
(
λ1 − p

qa, λ2, λ3
)

with a ∈ N, a ≤ q − 1.

We set v1 − v3 = 〈λ + ρ, α∨
1 〉 /∈ Z, v3 − v2 = 〈λ + ρ, α∨

2 〉 ∈ N, v2 − v4 = 〈λ + ρ, α∨
3 〉 ∈ N

such that v1 + v2 + v3 + v4 = −6.
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T (v) =

v1 v3 v2 v4

v1 v3 v2

v1 v2 + 1

v1

Let us note that the parabolic subalgebra p in Table 4 corresponds to the maximal 
parabolic subalgebra pmax

α1
. In addition, we assume that ν ∈ C \ Z satisfies ν + 〈λ +

ρ, α∨
1,2〉 /∈ Z. The g-modules Mg

p (λ), TfM
g
p (λ) and Dν

fM
g
p (λ) are simple with bounded 

weight multiplicities, since C is the maximal set of relations satisfied by the tableau T (w).
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